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Main goal: The determination of the macroscopic DSW properties in the 
general water waves equations.

▸ Weakly nonlinear model in water waves: Bi-directional Whitham Equation 

Fig 1. Three standing paddle board 
riders on a river undular bore in 
Turnagain Arm, Alaska,  
Gennady El. M. Hoefer “DSW and 
Modulation theory”, 2016

Fig 2. Tidal river bore on a river Ribble 
Lancashire,  
Gennady El. M. Hoefer “DSW and 
Modulation theory”, 2016

A tidal phenomenon in 
which the incoming 
tide forms a wave (or 
waves) of water 
against the direction 
of the current, is 
known as Tidal Bore. It 
occurs in locations with 
a large tidal range, 
typically more than 6 
meters, between high 
and low water.

Tidal range is the 



DSW      Everywhere!

Gennady El. M. Hoefer “DSW and Modulation theory”, 2016
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Fig 3. Atmospheric DSW. a) Morning 
glory roll cloud. b) Mountain waves

Fig 4. Image of the output set of a 
defocusing, photo refractive crystal at 
the input face.

Fig 5. Experimental evolution of DSW 
after 1cm of propagation in an ethanol 
+ iodine cell

Fig 5. Atmospheric gravity waves moving 
southward off the Texas coast and out 
over the western Golf of Mexico
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The seminal paper of Gurevich and Pitaevskii* adapted the Riemann problem to consider the longtime behavior of step 
initial  data   for  the  KdV  equation,  a  dispersively  regularized  hyperbolic  equation.  The  solution  to  this  problem  is 
fundamental to most all of DSW theory, we refer to the KdV Riemann problem as the GP problem.
[*] A. V. Gurevich, L. P. Pitaevskii, Nonstationary structure of acollisionless shock wave, Sov. Phys. JETP (1974), translation from Russian

A DSW is the dispersive resolution of a step, or near-step initial condition



Anatomía de un DSW clásico del tipo KdV

Gennady El and M. Hoefer “DSW and Modulation theory”, 2016

▸



The FLUID is: 
  ▸ Inviscid    
   ▸  Homogeneous  
   ▸  Incompressible  
   ▸  Irrotational

The only volumetric force acting on the fluid is gravity. 
D(�(x), ⌘(x, t))The FLUID DOMAIN                          is  

    ▸ Simple connected. 
    ▸ In 2D or 3D.

In Eulerian representation            represent the velocity of the point     at time   . 
The field of velocities can be described as the gradient of a function 

u(x, t) x t

u = r'



EULER’S EQUATIONS IN 2D

y = �h0 + �(x)

D(�(x), ⌘(x, t))

y = ⌘(x, t)

d is the dimension of the fluid domain �' = 0

y = ⌘(x, t)

⌘t + ⌘x'x � 'y = 0

't +
1
2 ('

2
x + '2

y) + g⌘ = 0
@'
@n = 0

  ▸ It is a classical free-boundary problem 
  ▸ The boundary conditions in the free surface are strongly nonlinear and coupled equations 

▸ One should solve partial differential equations 

't = �g⌘

'xx + 'yy = 0
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Hamiltonian formulation

V.E. Zakharov (1968), J.W. Miles, (1977)  

Zakharov (1968) poses the evolution equations in the form of a Hamiltonian 
system in the canonical variables                         with (⌘(x), ⇠(x))

@t

✓
⌘

⇠

◆
=

✓
0 I

�I 0

◆✓
�⌘H

�⇠H

◆
= J�H,

H = 1
2

R
R(⇠G(�, ⌘)⇠ + g⌘

2)dx

W. Craig and  C. Sulem (1993)

⇠(x, t) = '(x, ⌘(x, t), t)



Hamiltonian in terms of Dirichlet-Neumann operator

that 

H = 1
2

R
R(⇠G(�, ⌘)⇠ + g⌘

2)dx

W. Craig and  C. Sulem (1993)

Green Identity
K =

R
D ⇢ |r'|2

2 dV = ⇢
2

R
D r · ('r')dV = ⇢

2

R
@D ⇠(r' · n̂) |y=⌘ dS



▸ This case gives rise to an  explicit expression to de DN operator:

D = �i@xWhere D is as usual the operator 

[G(0, 0)] : ⇠ 7�! D tanh(D)⇠

▸ In general there is not an explicit expression for it!

Hamiltonian: H = 1
2

R
R(⇠G(�, ⌘)⇠ + g⌘

2)dx

⇠(x) 7�! ⇠̂() 7�!  tanh(h0)⇠̂() 7�!
R
R  tanh(h0)⇠̂()eixd := [D tanh(h0D)]⇠

What is this object?



▸ This case gives rise to an  explicit expression to de DN operator:

D = �i@xWhere D is as usual the operator 

[G(0, 0)] : ⇠ 7�! D tanh(D)⇠

▸ In general there is not an explicit expression for it!

Hamiltonian: H = 1
2

R
R(⇠G(�, ⌘)⇠ + g⌘

2)dx

⇠(x) 7�! ⇠̂() 7�!  tanh(h0)⇠̂() 7�!
R
R  tanh(h0)⇠̂()eixd := [D tanh(h0D)]⇠

What is this object?

HA = 1
2

R
R(⇠GA(�, ✏⌘)⇠ + g⌘

2)dx



⇡
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� = h2
0

l2 ⌧ 1 ✏ = ⌘
h0

Shallow water regime

SMALL

D = �i@xwith

and              Involve pseudo-differential operators

    Craig, Guyenne, 
 Nicholls, Sulem (2005) 

  Craig and Sulem (2005)  

  Coifman  and Meyer (1985 )
Craig, Schanz and Sulem (1997)

[G(�, ✏⌘)](⇠) =
1X

n=0

[Gn(�, ⌘)](⇠)✏
n
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G0(�, ⌘) = D tanh(h0D) +DL(�),

G1(�, ⌘) = D⌘D �G0⌘G0,

G2(�, ⌘) =
1

2
(G0D⌘2D �D2⌘2G0 � 2G0⌘G1),

L(�)



HA = 1
2

R
R(⇠GA(�, ✏⌘)⇠ + g⌘

2)dx

GA = Sym( Dp
✏
tanh(

p
✏h(x)D))
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with D = �i@x

Whitham-Boussinesq non-local shallow water wave model  
for variable depth



In a periodic framework we obtain an infinite matrix representation  
in terms of the Fourier coefficients of the symbol of the operator.
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Infinite dimensional Hamiltonian system

The evolution equation are expressed in Darboux coordinates  
using Variational derivatives of the Hamiltionan.

The canonical variables are the surface quantities. (⌘(x), ⇠(x))
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Pseudo-differential Operators 

[a(f(x)Dm)⇠](x) = 1
2⇡

R
R a(f(x)km)⇠̂(k)eikxdk,
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With          real functions and ⇠̂(k) =

Z

R
⇠(x)e�ikxdk
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▸ R. M. Vargas-Magaña, P. Panayotaros   
A Whitham-Boussinesq long-wave model for variable topography, Wave Motion (2016)

▸ R. M. Vargas-Magaña, P. Panayotaros, A. A. Minzoni   
Linear modes for channels of constant cross-section and approximate 
Dirichlet-Neumann operators,  Water waves Journal  IN PRESS 2019 

▸

▸

Projects  
Western Coast of Taiwan

Trapped longitudinal modes 
in domains with unbounded constant cross-section.
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Bloch Theory, Spectral Gaps and Wannier Functions for 
linearized waves using the DN operator



Bidirectional Whitham Equations as Models of Waves on Shallow Water 

John D. Carter (2018)

The conclusion is that the most accurate predictions come 
from models that contain accurate reproductions of the  

Euler phase velocity,  

sufficient nonlinearity,  

and surface tension effects.

The accuracy of the Whitham type equations to model data from real-world experiments of waves on shallow water.

CE =
q

g tanh(kh0)
k
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For  non-integrable  dispersive  equations,  the  explicit  determination  of  the  Whitham  modulation 
system is not possible in general. 

A DSW fitting procedure determine analytically the macroscopic DSW properties. 

 ▸Nonlinear wave modulation theory 

▸DSW Fitting method introduced by Gennady El and collaborator in 2006

Current Methods to determine analytically the macroscopic DSW properties.



These macroscopic DSW properties include: 

 ▸ the DSW edge speeds and  
 ▸ the DSW wave parameters:  
           ▸ the harmonic edge wavenumber  
           ▸ the soliton edge amplitude.  

The determination of these observables represents the fitting of a DSW to the 
long-time dynamics of piecewise constant, initial Riemann data. 

The DSW fitting method proposed by Gennady El and collaborators is based 
on a fundamental, generic property the Whitham modulation equations admit 
exact reductions to a set of common, much simpler, analytically tractable 
equations in the limits of vanishing amplitude and vanishing wavenumber, 
which correspond to the harmonic and soliton DSW extremes.

DSW fitting method



DSW fitting method for Whitham-type equations

 Modulations equations are strictly hyperbolic, nonlinear and have solitary and linear limits 

Non-dispersive form: @u
@t + 2u@u

@x = 0.
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ut + 2uux +D2[u]x = 0
<latexit sha1_base64="2w0yhJFE6ka1utw1Flx7CKSTr0w=">AAAB/HicbZDJSgNBFEVfxynGKQ4bcVOYCEIgdGejGyGoC5cRzACdpqmuVJIi1QM1SEKI/oyuRN35Ff6Af2Olk4VG3+rUu7fg3RsknEll219WZml5ZXUtu57b2Nza3snv7jVkrAWhdRLzWLQCLClnEa0rpjhtJYLiMOC0GQyupnrzngrJ4uhOjRLqhbgXsS4jWJmVnz8sal+hEqpo7Q9L6NqvuNrzhxd20c8X7LKdDvoLzhwK1QNIp+bnP9udmOiQRopwLKXr2InyxlgoRjid5Npa0gSTAe5R12CEQyq9cRphgk66sUCqT1H6/ukd41DKURgYT4hVXy5q0+V/mqtV99wbsyjRikbEWIzW1RypGE2bQB0mKFF8ZAATwcyViPSxwESZvnImvrMY9i80KmXH8G2lUL2c9QBZOIJjOAUHzqAKN1CDOhB4hGd4g3frwXqyXqzXmTVjzf/sw6+xPr4BESCTCw==</latexit><latexit sha1_base64="2w0yhJFE6ka1utw1Flx7CKSTr0w=">AAAB/HicbZDJSgNBFEVfxynGKQ4bcVOYCEIgdGejGyGoC5cRzACdpqmuVJIi1QM1SEKI/oyuRN35Ff6Af2Olk4VG3+rUu7fg3RsknEll219WZml5ZXUtu57b2Nza3snv7jVkrAWhdRLzWLQCLClnEa0rpjhtJYLiMOC0GQyupnrzngrJ4uhOjRLqhbgXsS4jWJmVnz8sal+hEqpo7Q9L6NqvuNrzhxd20c8X7LKdDvoLzhwK1QNIp+bnP9udmOiQRopwLKXr2InyxlgoRjid5Npa0gSTAe5R12CEQyq9cRphgk66sUCqT1H6/ukd41DKURgYT4hVXy5q0+V/mqtV99wbsyjRikbEWIzW1RypGE2bQB0mKFF8ZAATwcyViPSxwESZvnImvrMY9i80KmXH8G2lUL2c9QBZOIJjOAUHzqAKN1CDOhB4hGd4g3frwXqyXqzXmTVjzf/sw6+xPr4BESCTCw==</latexit><latexit sha1_base64="2w0yhJFE6ka1utw1Flx7CKSTr0w=">AAAB/HicbZDJSgNBFEVfxynGKQ4bcVOYCEIgdGejGyGoC5cRzACdpqmuVJIi1QM1SEKI/oyuRN35Ff6Af2Olk4VG3+rUu7fg3RsknEll219WZml5ZXUtu57b2Nza3snv7jVkrAWhdRLzWLQCLClnEa0rpjhtJYLiMOC0GQyupnrzngrJ4uhOjRLqhbgXsS4jWJmVnz8sal+hEqpo7Q9L6NqvuNrzhxd20c8X7LKdDvoLzhwK1QNIp+bnP9udmOiQRopwLKXr2InyxlgoRjid5Npa0gSTAe5R12CEQyq9cRphgk66sUCqT1H6/ukd41DKURgYT4hVXy5q0+V/mqtV99wbsyjRikbEWIzW1RypGE2bQB0mKFF8ZAATwcyViPSxwESZvnImvrMY9i80KmXH8G2lUL2c9QBZOIJjOAUHzqAKN1CDOhB4hGd4g3frwXqyXqzXmTVjzf/sw6+xPr4BESCTCw==</latexit><latexit sha1_base64="2w0yhJFE6ka1utw1Flx7CKSTr0w=">AAAB/HicbZDJSgNBFEVfxynGKQ4bcVOYCEIgdGejGyGoC5cRzACdpqmuVJIi1QM1SEKI/oyuRN35Ff6Af2Olk4VG3+rUu7fg3RsknEll219WZml5ZXUtu57b2Nza3snv7jVkrAWhdRLzWLQCLClnEa0rpjhtJYLiMOC0GQyupnrzngrJ4uhOjRLqhbgXsS4jWJmVnz8sal+hEqpo7Q9L6NqvuNrzhxd20c8X7LKdDvoLzhwK1QNIp+bnP9udmOiQRopwLKXr2InyxlgoRjid5Npa0gSTAe5R12CEQyq9cRphgk66sUCqT1H6/ukd41DKURgYT4hVXy5q0+V/mqtV99wbsyjRikbEWIzW1RypGE2bQB0mKFF8ZAATwcyViPSxwESZvnImvrMY9i80KmXH8G2lUL2c9QBZOIJjOAUHzqAKN1CDOhB4hGd4g3frwXqyXqzXmTVjzf/sw6+xPr4BESCTCw==</latexit><latexit sha1_base64="/DvhIbY+PoO1HH/YgjZ0lu73PuM=">AAAB/HicbZDJSgNBFEWrHWOcoq7ETWEiCIHQ3RvdCEFduIxgBkiaprrykhSpHqhBEproz+hK1J1f4Q/4N1ZiLzTxrU69ewvevUHCmVS2/WUtLa+srq3nNvKbW9s7u4W9/YaMtaBQpzGPRSsgEjiLoK6Y4tBKBJAw4NAMhldTvXkPQrI4ulPjBLyQ9CPWY5Qos/ILhyXtK1zGrtb+qIyvfbetPX90YZf8QtGu2LPBi+BkUETZ1PzCZ6cbUx1CpCgnUrYdO1FeSoRilMMk39ESEkKHpA9tgxEJQXrpLMIEn/RigdUA8Oz925uSUMpxGBhPSNRAzmvT5X9aW6veuZeyKNEKImosRutpjlWMp03gLhNAFR8bIFQwcyWmAyIIVaavvInvzIddhIZbcQzfusXqZVZEDh2hY3SKHHSGqugG1VAdUfSIntEbercerCfrxXr9sS5Z2Z8D9Gesj2+g7ZK3</latexit>

!(k)
<latexit sha1_base64="7p6E+16FnoVzLa+mEvTMbXvxCjg=">AAAB7HicbZDLTsJAFIZP8YZ4w8vOTSOY4Ia0bHRJdOMSE7kkpSHT4RQmTDvNzNSENLyFroy682l8Ad/GobBQ8F99c/5/kvOfIOFMacf5tgobm1vbO8Xd0t7+weFR+fiko0QqKbap4EL2AqKQsxjbmmmOvUQiiQKO3WByN/e7TygVE/GjniboR2QUs5BRos3Iq/ZFhCNSm1xVB+WKU3dy2evgLqHSPINcrUH5qz8UNI0w1pQTpTzXSbSfEakZ5Tgr9VOFCaETMkLPYEwiVH6WrzyzL0MhbT1GO3//zmYkUmoaBSYTET1Wq958+J/npTq88TMWJ6nGmJqI8cKU21rY8+b2kEmkmk8NECqZ2dKmYyIJ1eY+JVPfXS27Dp1G3TX80Kg0bxd3gCKcwwXUwIVraMI9tKANFAS8wDt8WLH1bL1ab4towVr+OYU/sj5/ADI/jjg=</latexit><latexit sha1_base64="7p6E+16FnoVzLa+mEvTMbXvxCjg=">AAAB7HicbZDLTsJAFIZP8YZ4w8vOTSOY4Ia0bHRJdOMSE7kkpSHT4RQmTDvNzNSENLyFroy682l8Ad/GobBQ8F99c/5/kvOfIOFMacf5tgobm1vbO8Xd0t7+weFR+fiko0QqKbap4EL2AqKQsxjbmmmOvUQiiQKO3WByN/e7TygVE/GjniboR2QUs5BRos3Iq/ZFhCNSm1xVB+WKU3dy2evgLqHSPINcrUH5qz8UNI0w1pQTpTzXSbSfEakZ5Tgr9VOFCaETMkLPYEwiVH6WrzyzL0MhbT1GO3//zmYkUmoaBSYTET1Wq958+J/npTq88TMWJ6nGmJqI8cKU21rY8+b2kEmkmk8NECqZ2dKmYyIJ1eY+JVPfXS27Dp1G3TX80Kg0bxd3gCKcwwXUwIVraMI9tKANFAS8wDt8WLH1bL1ab4towVr+OYU/sj5/ADI/jjg=</latexit><latexit sha1_base64="7p6E+16FnoVzLa+mEvTMbXvxCjg=">AAAB7HicbZDLTsJAFIZP8YZ4w8vOTSOY4Ia0bHRJdOMSE7kkpSHT4RQmTDvNzNSENLyFroy682l8Ad/GobBQ8F99c/5/kvOfIOFMacf5tgobm1vbO8Xd0t7+weFR+fiko0QqKbap4EL2AqKQsxjbmmmOvUQiiQKO3WByN/e7TygVE/GjniboR2QUs5BRos3Iq/ZFhCNSm1xVB+WKU3dy2evgLqHSPINcrUH5qz8UNI0w1pQTpTzXSbSfEakZ5Tgr9VOFCaETMkLPYEwiVH6WrzyzL0MhbT1GO3//zmYkUmoaBSYTET1Wq958+J/npTq88TMWJ6nGmJqI8cKU21rY8+b2kEmkmk8NECqZ2dKmYyIJ1eY+JVPfXS27Dp1G3TX80Kg0bxd3gCKcwwXUwIVraMI9tKANFAS8wDt8WLH1bL1ab4towVr+OYU/sj5/ADI/jjg=</latexit><latexit sha1_base64="7p6E+16FnoVzLa+mEvTMbXvxCjg=">AAAB7HicbZDLTsJAFIZP8YZ4w8vOTSOY4Ia0bHRJdOMSE7kkpSHT4RQmTDvNzNSENLyFroy682l8Ad/GobBQ8F99c/5/kvOfIOFMacf5tgobm1vbO8Xd0t7+weFR+fiko0QqKbap4EL2AqKQsxjbmmmOvUQiiQKO3WByN/e7TygVE/GjniboR2QUs5BRos3Iq/ZFhCNSm1xVB+WKU3dy2evgLqHSPINcrUH5qz8UNI0w1pQTpTzXSbSfEakZ5Tgr9VOFCaETMkLPYEwiVH6WrzyzL0MhbT1GO3//zmYkUmoaBSYTET1Wq958+J/npTq88TMWJ6nGmJqI8cKU21rY8+b2kEmkmk8NECqZ2dKmYyIJ1eY+JVPfXS27Dp1G3TX80Kg0bxd3gCKcwwXUwIVraMI9tKANFAS8wDt8WLH1bL1ab4towVr+OYU/sj5/ADI/jjg=</latexit><latexit sha1_base64="Pe4k27CZ+dIwMOMtP4ELeydKkPc=">AAAB7HicbZDLTgIxFIY7eEO8oS7dNIIJbsgMG10S3bjERC4JTEinnIGGXiZtx4RMeAtdGXXn0/gCvo0FZ6Hgv/p6/r/J+U+UcGas7395hY3Nre2d4m5pb//g8Kh8fNIxKtUU2lRxpXsRMcCZhLZllkMv0UBExKEbTW8XfvcRtGFKPthZAqEgY8liRol1o351oASMSW16WR2WK37dXwqvQ5BDBeVqDcufg5GiqQBpKSfG9AM/sWFGtGWUw7w0SA0khE7JGPoOJRFgwmy58hxfxEpjOwG8fP/OZkQYMxORywhiJ2bVWwz/8/qpja/DjMkktSCpizgvTjm2Ci+a4xHTQC2fOSBUM7clphOiCbXuPiVXP1gtuw6dRj1wfN+oNG/yQxTRGTpHNRSgK9REd6iF2ogihZ7RG3r3pPfkvXivP9GCl/85RX/kfXwDwgyN5A==</latexit>

Dispersion relation:

V (u) = 2u.
<latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="BT5CcOlt9PVIGlFVIcIXga2iH1E=">AAAB03icbZBPT8JAEMWn+A8rKp69bCQmnkjrRY8mXjxiYoEEGrJdprBh2212pyak4W68GOPX8gv4bVyQg4Jz+s28d5j3kkJJS0Hw5dV2dvf2D+qH/lHDPz45bTa6VpdGYCS00qafcItK5hiRJIX9wiDPEoW9ZHa/1HvPaKzU+RPNC4wzPsllKgUnd+qMmq2gHayGbUO4hhasZ9T8HI61KDPMSShu7SAMCoorbkgKhQt/WFosuJjxCQ4c5jxDG1erNxfsMtWG0RTZav/trXhm7TxLnCfjNLWb2vL4nzYoKb2NK5kXJWEunMVpaakYabZMy8bSoCA1d8CFke5LJqbccEGuE9+lDzezbkP3uh06fgygDudwAVcQwg3cwQN0IAIBY3iFDy/xXry3n5Zq3rquM/gz3vs3UZ2H0w==</latexit><latexit sha1_base64="Hb/dn5SX1/ob55DgFcQ4SnHDwtw=">AAAB+XicbZC9TgJBFIXv4h8i6mprMwom2JBdGm1MTGwsMZGfBDZkdrgLE2Z/MjNrQja0+jJaGfUlfAHfxlmkQPBW373nZDLn+IngSjvOt1XY2Nza3inulvbK+weH9lG5reJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT21zvPKJUPI4e9DRBL6SjiAecUW1OA/u02q71Y+PIH8jS2cV1gyzv9erArjh1Zz5kHdwFVGAxzYH91R/GLA0x0kxQpXquk2gvo1JzJnBW6qcKE8omdIQ9gxENUXnZPMqMnAexJHqMZL4vezMaKjUNfeMJqR6rVS0//qf1Uh1ceRmPklRjxIzFaEEqiI5J3ggZcolMi6kByiQ3vyRsTCVl2vRWMvHd1bDr0G7UXcP3DhThBM6gBi5cwg3cQRNawOAZXuEDPq0n68V6+y2qYC0aO4Y/Y73/AG3cliE=</latexit><latexit sha1_base64="Hb/dn5SX1/ob55DgFcQ4SnHDwtw=">AAAB+XicbZC9TgJBFIXv4h8i6mprMwom2JBdGm1MTGwsMZGfBDZkdrgLE2Z/MjNrQja0+jJaGfUlfAHfxlmkQPBW373nZDLn+IngSjvOt1XY2Nza3inulvbK+weH9lG5reJUMmyxWMSy61OFgkfY0lwL7CYSaegL7PiT21zvPKJUPI4e9DRBL6SjiAecUW1OA/u02q71Y+PIH8jS2cV1gyzv9erArjh1Zz5kHdwFVGAxzYH91R/GLA0x0kxQpXquk2gvo1JzJnBW6qcKE8omdIQ9gxENUXnZPMqMnAexJHqMZL4vezMaKjUNfeMJqR6rVS0//qf1Uh1ceRmPklRjxIzFaEEqiI5J3ggZcolMi6kByiQ3vyRsTCVl2vRWMvHd1bDr0G7UXcP3DhThBM6gBi5cwg3cQRNawOAZXuEDPq0n68V6+y2qYC0aO4Y/Y73/AG3cliE=</latexit><latexit sha1_base64="wc5+jSRJ606vEB/adI6Usbfj/Kc=">AAACBHicbVC7TsMwFHXKq5RXgJHF0CKVpUq6wIJUwcJYJPqQ2qhy3JvWqhNHtoNURV3hZ2BCwMYX8AP8DU7JAC1nOvee4yuf48ecKe04X1ZhZXVtfaO4Wdra3tnds/cP2kokkkKLCi5k1ycKOIugpZnm0I0lkNDn0PEn15neuQepmIju9DQGLySjiAWMEm1WA/u40q72hXFkB9JkdnZZx7/nWmVgl52aMwdeJm5OyihHc2B/9oeCJiFEmnKiVM91Yu2lRGpGOcxK/URBTOiEjKBnaERCUF46jzLDp4GQWI8Bz+ff3pSESk1D33hCosdqUcuW/2m9RAcXXsqiONEQUWMxWpBwrAXOGsFDJoFqPjWEUMnMLzEdE0moNr2VTHx3MewyaddrruG3TrlxlRdRREfoBFWRi85RA92gJmohih7RM3pD79aD9WS9WK8/1oKVvzlEf2B9fAPvvpeM</latexit><latexit sha1_base64="jFYJ4AwLayMji6zxm0bh+82ZkoM=">AAACBHicbVC7TsMwFL0pr1JeAUYWQ4tUlirpAgtSBQtjkehDaqPKcZ3WqhNHtoNURV3hZ2BCwMYX8AP8DU7JAC1nOvee4yuf48ecKe04X1ZhZXVtfaO4Wdra3tnds/cP2kokktAWEVzIro8V5SyiLc00p91YUhz6nHb8yXWmd+6pVExEd3oaUy/Eo4gFjGBtVgP7uNKu9oVxZAfSZHZ2WUe/51plYJedmjMHWiZuTsqQozmwP/tDQZKQRppwrFTPdWLtpVhqRjidlfqJojEmEzyiPUMjHFLlpfMoM3QaCIn0mKL5/Nub4lCpaegbT4j1WC1q2fI/rZfo4MJLWRQnmkbEWIwWJBxpgbJG0JBJSjSfGoKJZOaXiIyxxESb3komvrsYdpm06zXX8Nt6uXGVF1GEIziBKrhwDg24gSa0gMAjPMMbvFsP1pP1Yr3+WAtW/uYQ/sD6+AbwXpeO</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="TWsW3D4LB72tdh77+oOOT8W6KvQ=">AAACBHicbVC7TsMwFL0pr1Je4bGxGFqkslRJF1iQKlgYi0QfUhtVjuu2Vp04sh2kKuoKPwMTAja+gB/gb3DSDqVwpnPvOb7yOX7EmdKO823lVlbX1jfym4Wt7Z3dPXv/oKlELAltEMGFbPtYUc5C2tBMc9qOJMWBz2nLH9+keuuBSsVEeK8nEfUCPAzZgBGszapnn5Sa5a4wjvRAEk/Pr6poca6UenbRqTgZ0F/izkmxdgQZ6j37q9sXJA5oqAnHSnVcJ9JegqVmhNNpoRsrGmEyxkPaMTTEAVVekkWZorOBkEiPKMrmRW+CA6UmgW88AdYjtayly/+0TqwHl17CwijWNCTGYrRBzJEWKG0E9ZmkRPOJIZhIZn6JyAhLTLTprWDiu8th/5JmteIaflct1q5nPUAejuEUyuDCBdTgFurQAAJP8ALv8GE9Ws/Wq/U2s+as+ZtD+AXr8wdgkZfi</latexit><latexit sha1_base64="jFYJ4AwLayMji6zxm0bh+82ZkoM=">AAACBHicbVC7TsMwFL0pr1JeAUYWQ4tUlirpAgtSBQtjkehDaqPKcZ3WqhNHtoNURV3hZ2BCwMYX8AP8DU7JAC1nOvee4yuf48ecKe04X1ZhZXVtfaO4Wdra3tnds/cP2kokktAWEVzIro8V5SyiLc00p91YUhz6nHb8yXWmd+6pVExEd3oaUy/Eo4gFjGBtVgP7uNKu9oVxZAfSZHZ2WUe/51plYJedmjMHWiZuTsqQozmwP/tDQZKQRppwrFTPdWLtpVhqRjidlfqJojEmEzyiPUMjHFLlpfMoM3QaCIn0mKL5/Nub4lCpaegbT4j1WC1q2fI/rZfo4MJLWRQnmkbEWIwWJBxpgbJG0JBJSjSfGoKJZOaXiIyxxESb3komvrsYdpm06zXX8Nt6uXGVF1GEIziBKrhwDg24gSa0gMAjPMMbvFsP1pP1Yr3+WAtW/uYQ/sD6+AbwXpeO</latexit>

Matching the non dispersive region behind the DSW and the trailing edge is determined by 

dk
du =

!
@u

V (u)� @!
@k

,
<latexit sha1_base64="FyZ09+ekWMOvdg90lzfqIIgl9UY="></latexit><latexit sha1_base64="FyZ09+ekWMOvdg90lzfqIIgl9UY="></latexit><latexit sha1_base64="FyZ09+ekWMOvdg90lzfqIIgl9UY="></latexit><latexit sha1_base64="FyZ09+ekWMOvdg90lzfqIIgl9UY="></latexit><latexit sha1_base64="Iqca7LoFfW1/DvLTvpmijxJW5r8="></latexit>

with and u
<latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="BT5CcOlt9PVIGlFVIcIXga2iH1E=">AAAB03icbZBPT8JAEMWn+A8rKp69bCQmnkjrRY8mXjxiYoEEGrJdprBh2212pyak4W68GOPX8gv4bVyQg4Jz+s28d5j3kkJJS0Hw5dV2dvf2D+qH/lHDPz45bTa6VpdGYCS00qafcItK5hiRJIX9wiDPEoW9ZHa/1HvPaKzU+RPNC4wzPsllKgUnd+qMmq2gHayGbUO4hhasZ9T8HI61KDPMSShu7SAMCoorbkgKhQt/WFosuJjxCQ4c5jxDG1erNxfsMtWG0RTZav/trXhm7TxLnCfjNLWb2vL4nzYoKb2NK5kXJWEunMVpaakYabZMy8bSoCA1d8CFke5LJqbccEGuE9+lDzezbkP3uh06fgygDudwAVcQwg3cwQN0IAIBY3iFDy/xXry3n5Zq3rquM/gz3vs3UZ2H0w==</latexit><latexit sha1_base64="odfbCldLQF9idD1ldD0B+963dt8=">AAAB5HicbZDNTgIxFIXv4B8iKrp10wgmrsiMG12auHGJifwkMJJOuQMNnXZsOyZkwnPoyqjP4wv4NnaQhYJ39fWe0+SeE6WCG+v7X15pY3Nre6e8W9mr7h8c1o6qHaMyzbDNlFC6F1GDgktsW24F9lKNNIkEdqPpTaF3n1AbruS9naUYJnQsecwZtW710Bgopxaf82zeGNbqftNfDFmHYAl1WE5rWPscjBTLEpSWCWpMP/BTG+ZUW84EziuDzGBK2ZSOse9Q0gRNmC+unpOzWGliJ0gW79/enCbGzJLIeRJqJ2ZVK5b/af3MxldhzmWaWZTMWZwWZ4JYRYrwZMQ1MitmDijT3F1J2IRqyqyrqOLiB6th16Fz0Qwc3/lQhhM4hXMI4BKu4RZa0AYGGl7gHT68R+/Ze/0pquQtGzuGP+O9fQMbb462</latexit><latexit sha1_base64="odfbCldLQF9idD1ldD0B+963dt8=">AAAB5HicbZDNTgIxFIXv4B8iKrp10wgmrsiMG12auHGJifwkMJJOuQMNnXZsOyZkwnPoyqjP4wv4NnaQhYJ39fWe0+SeE6WCG+v7X15pY3Nre6e8W9mr7h8c1o6qHaMyzbDNlFC6F1GDgktsW24F9lKNNIkEdqPpTaF3n1AbruS9naUYJnQsecwZtW710Bgopxaf82zeGNbqftNfDFmHYAl1WE5rWPscjBTLEpSWCWpMP/BTG+ZUW84EziuDzGBK2ZSOse9Q0gRNmC+unpOzWGliJ0gW79/enCbGzJLIeRJqJ2ZVK5b/af3MxldhzmWaWZTMWZwWZ4JYRYrwZMQ1MitmDijT3F1J2IRqyqyrqOLiB6th16Fz0Qwc3/lQhhM4hXMI4BKu4RZa0AYGGl7gHT68R+/Ze/0pquQtGzuGP+O9fQMbb462</latexit><latexit sha1_base64="EUUmaRICK3sngYe4yIUch/72xos=">AAAB73icbZDPTsJAEMan+A/xH+rRy0Yw8URaL3okevGIiYAJVLJdprBh2627WxPS8Bx6MurNd/EFfBu32IOCc/rNfN8k802QCK6N6345pZXVtfWN8mZla3tnd6+6f9DRMlUM20wKqe4CqlHwGNuGG4F3iUIaBQK7weQq17uPqDSX8a2ZJuhHdBTzkDNq7Oi+3pdWzZezdFYfVGtuw50XWQavgBoU1RpUP/tDydIIY8ME1brnuYnxM6oMZwJnlX6qMaFsQkfYsxjTCLWfza+ekZNQKmLGSOb9b29GI62nUWA9ETVjvajlw/+0XmrCCz/jcZIajJm1WC1MBTGS5OHJkCtkRkwtUKa4vZKwMVWUGfuiio3vLYZdhs5Zw7N849aal8UjynAEx3AKHpxDE66hBW1goOAZ3uDdeXCenBfn9cdacoqdQ/hTzsc3TpeQDA==</latexit><latexit sha1_base64="2CyMAepxmv3fPenUlCXqFE5bvTE=">AAAB73icbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiIh8JVLJdBtiw7dbdrQlp+B16MurN/+If8N+4xR4UnNMz876TzDtBLLg2rvvlFNbWNza3itulnd29/YPy4VFby0QxbDEppOoGVKPgEbYMNwK7sUIaBgI7wfQ60zuPqDSX0Z2ZxeiHdBzxEWfU2NF9tS+tmi2nybw6KFfcmrsosgpeDhXIqzkof/aHkiUhRoYJqnXPc2Pjp1QZzgTOS/1EY0zZlI6xZzGiIWo/XVw9J2cjqYiZIFn0v70pDbWehYH1hNRM9LKWDf/TeokZXfopj+LEYMSsxWqjRBAjSRaeDLlCZsTMAmWK2ysJm1BFmbEvKtn43nLYVWjXa57l23qlcZU/oggncArn4MEFNOAGmtACBgqe4Q3enQfnyXlxXn+sBSffOYY/5Xx8A083kA4=</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="0IAg1L/P4cNqzzIDYWwJd59Y9pI=">AAAB73icbZDJTgJBEIZrcEPccLl56QgmnsgMFz0SvXjERJYERtLT1ECHnsXuHhMy4Tn0ZNSb7+IL+Db2DBwUrNNX9f+V1F9eLLjStv1tFdbWNza3itulnd29/YPy4VFbRYlk2GKRiGTXowoFD7GluRbYjSXSwBPY8SY3md55Qql4FN7raYxuQEch9zmj2oweqv3IqNlymsyqg3LFrtl5kVVwFlBpnEBezUH5qz+MWBJgqJmgSvUcO9ZuSqXmTOCs1E8UxpRN6Ah7BkMaoHLT/OoZOfcjSfQYSd7/9qY0UGoaeMYTUD1Wy1o2/E/rJdq/clMexonGkBmL0fxEEB2RLDwZcolMi6kByiQ3VxI2ppIybV5UMvGd5bCr0K7XHMN39Urjev4HKMIpnMEFOHAJDbiFJrSAgYQXeIcP69F6tl6tt7m1YC12juFPWZ8/v1uQYg==</latexit><latexit sha1_base64="2CyMAepxmv3fPenUlCXqFE5bvTE=">AAAB73icbZBNT8JAEIan+IX4hXr0shFMPJGWix6JXjxiIh8JVLJdBtiw7dbdrQlp+B16MurN/+If8N+4xR4UnNMz876TzDtBLLg2rvvlFNbWNza3itulnd29/YPy4VFby0QxbDEppOoGVKPgEbYMNwK7sUIaBgI7wfQ60zuPqDSX0Z2ZxeiHdBzxEWfU2NF9tS+tmi2nybw6KFfcmrsosgpeDhXIqzkof/aHkiUhRoYJqnXPc2Pjp1QZzgTOS/1EY0zZlI6xZzGiIWo/XVw9J2cjqYiZIFn0v70pDbWehYH1hNRM9LKWDf/TeokZXfopj+LEYMSsxWqjRBAjSRaeDLlCZsTMAmWK2ysJm1BFmbEvKtn43nLYVWjXa57l23qlcZU/oggncArn4MEFNOAGmtACBgqe4Q3enQfnyXlxXn+sBSffOYY/5Xx8A083kA4=</latexit>

the mean of  u
<latexit sha1_base64="ZXPTI63N5SGLTMHP7YvzIvFvWXk=">AAAB5HicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjS6JblxilEsCDZkOpzBh2mlmpiak4Q10ZdSdT+QL+DYOhYWC/+qb8/+TnP8EieDauO63s7a+sbm1Xdgp7u7tHxyWjo5bWqaKYZNJIVUnoBoFj7FpuBHYSRTSKBDYDsa3M7/9hEpzGT+aSYJ+RIcxDzmjxo4eKmmlXyq7VTcXWQVvAeX6KeRq9EtfvYFkaYSxYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xajGmE2s/yVafkIpSKmBGS/P07m9FI60kU2ExEzUgve7Phf143NeG1n/E4SQ3GzEasF6aCGElmjcmAK2RGTCxQprjdkrARVZQZe5eire8tl12FVq3qWb6vles38ztAAc7gHC7Bgyuowx00oAkMhvAC7/DhhM6z8+q8zaNrzuLPCfyR8/kD/D+LPA==</latexit><latexit sha1_base64="ZXPTI63N5SGLTMHP7YvzIvFvWXk=">AAAB5HicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjS6JblxilEsCDZkOpzBh2mlmpiak4Q10ZdSdT+QL+DYOhYWC/+qb8/+TnP8EieDauO63s7a+sbm1Xdgp7u7tHxyWjo5bWqaKYZNJIVUnoBoFj7FpuBHYSRTSKBDYDsa3M7/9hEpzGT+aSYJ+RIcxDzmjxo4eKmmlXyq7VTcXWQVvAeX6KeRq9EtfvYFkaYSxYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xajGmE2s/yVafkIpSKmBGS/P07m9FI60kU2ExEzUgve7Phf143NeG1n/E4SQ3GzEasF6aCGElmjcmAK2RGTCxQprjdkrARVZQZe5eire8tl12FVq3qWb6vles38ztAAc7gHC7Bgyuowx00oAkMhvAC7/DhhM6z8+q8zaNrzuLPCfyR8/kD/D+LPA==</latexit><latexit sha1_base64="ZXPTI63N5SGLTMHP7YvzIvFvWXk=">AAAB5HicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjS6JblxilEsCDZkOpzBh2mlmpiak4Q10ZdSdT+QL+DYOhYWC/+qb8/+TnP8EieDauO63s7a+sbm1Xdgp7u7tHxyWjo5bWqaKYZNJIVUnoBoFj7FpuBHYSRTSKBDYDsa3M7/9hEpzGT+aSYJ+RIcxDzmjxo4eKmmlXyq7VTcXWQVvAeX6KeRq9EtfvYFkaYSxYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xajGmE2s/yVafkIpSKmBGS/P07m9FI60kU2ExEzUgve7Phf143NeG1n/E4SQ3GzEasF6aCGElmjcmAK2RGTCxQprjdkrARVZQZe5eire8tl12FVq3qWb6vles38ztAAc7gHC7Bgyuowx00oAkMhvAC7/DhhM6z8+q8zaNrzuLPCfyR8/kD/D+LPA==</latexit><latexit sha1_base64="ZXPTI63N5SGLTMHP7YvzIvFvWXk=">AAAB5HicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjS6JblxilEsCDZkOpzBh2mlmpiak4Q10ZdSdT+QL+DYOhYWC/+qb8/+TnP8EieDauO63s7a+sbm1Xdgp7u7tHxyWjo5bWqaKYZNJIVUnoBoFj7FpuBHYSRTSKBDYDsa3M7/9hEpzGT+aSYJ+RIcxDzmjxo4eKmmlXyq7VTcXWQVvAeX6KeRq9EtfvYFkaYSxYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xajGmE2s/yVafkIpSKmBGS/P07m9FI60kU2ExEzUgve7Phf143NeG1n/E4SQ3GzEasF6aCGElmjcmAK2RGTCxQprjdkrARVZQZe5eire8tl12FVq3qWb6vles38ztAAc7gHC7Bgyuowx00oAkMhvAC7/DhhM6z8+q8zaNrzuLPCfyR8/kD/D+LPA==</latexit><latexit sha1_base64="W5XcbJS16Fr8iP43f1nYnJS1eLw=">AAAB5HicbZC9TgJBFIXv4h/iH2ppMxFMrMgujZZEG0uMgiRAyOxwFybM/mTmrgnZ8AZaGbXziXwB38YBt1DwVN/ccya55/qJkoZc98sprK1vbG4Vt0s7u3v7B+XDo7aJUy2wJWIV647PDSoZYYskKewkGnnoK3zwJ9dz/+ERtZFxdE/TBPshH0UykIKTHd1V0+qgXHFr7kJsFbwcKpCrOSh/9oaxSEOMSChuTNdzE+pnXJMUCmelXmow4WLCR9i1GPEQTT9brDpjZ0GsGY2RLd6/sxkPjZmGvs2EnMZm2ZsP//O6KQWX/UxGSUoYCRuxXpAqRjGbN2ZDqVGQmlrgQku7JRNjrrkge5eSre8tl12Fdr3mWb6tVxpX+SGKcAKncA4eXEADbqAJLRAwgmd4g3cncJ6cF+f1J1pw8j/H8EfOxzeMG4ro</latexit>

k(u+) = 0
<latexit sha1_base64="c1nbUsp6BDMIQmPSQ10pAOmSVvw=">AAAB63icbZDLTgIxFIbP4A3xhpedm0YwwZiYGTa6MSG6cYmJXCJMSKd0oKHtTNqOCZnwFLoy6s638QV8G8vAQsF/9fX8f5PznyDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2dvRYHlWS3vnZtVvuFUvuhZsJLYM3h1LtCDLVe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ9mG0/QaRgpZIYUZe/f2RQLrccisBmBzVAvetPhf14nMeGVnzIZJ4ZKYiPWCxOOTISmxVGfKUoMH1vARDG7JSJDrDAx9jwFW99bLLsMzeqFZ/m+WqrdzO4AeTiGE6iAB5dQgzuoQwMISHiBd/hwhPPsvDpvs2jOmf85hD9yPn8Ak06NNQ==</latexit><latexit sha1_base64="c1nbUsp6BDMIQmPSQ10pAOmSVvw=">AAAB63icbZDLTgIxFIbP4A3xhpedm0YwwZiYGTa6MSG6cYmJXCJMSKd0oKHtTNqOCZnwFLoy6s638QV8G8vAQsF/9fX8f5PznyDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2dvRYHlWS3vnZtVvuFUvuhZsJLYM3h1LtCDLVe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ9mG0/QaRgpZIYUZe/f2RQLrccisBmBzVAvetPhf14nMeGVnzIZJ4ZKYiPWCxOOTISmxVGfKUoMH1vARDG7JSJDrDAx9jwFW99bLLsMzeqFZ/m+WqrdzO4AeTiGE6iAB5dQgzuoQwMISHiBd/hwhPPsvDpvs2jOmf85hD9yPn8Ak06NNQ==</latexit><latexit sha1_base64="c1nbUsp6BDMIQmPSQ10pAOmSVvw=">AAAB63icbZDLTgIxFIbP4A3xhpedm0YwwZiYGTa6MSG6cYmJXCJMSKd0oKHtTNqOCZnwFLoy6s638QV8G8vAQsF/9fX8f5PznyDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2dvRYHlWS3vnZtVvuFUvuhZsJLYM3h1LtCDLVe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ9mG0/QaRgpZIYUZe/f2RQLrccisBmBzVAvetPhf14nMeGVnzIZJ4ZKYiPWCxOOTISmxVGfKUoMH1vARDG7JSJDrDAx9jwFW99bLLsMzeqFZ/m+WqrdzO4AeTiGE6iAB5dQgzuoQwMISHiBd/hwhPPsvDpvs2jOmf85hD9yPn8Ak06NNQ==</latexit><latexit sha1_base64="c1nbUsp6BDMIQmPSQ10pAOmSVvw=">AAAB63icbZDLTgIxFIbP4A3xhpedm0YwwZiYGTa6MSG6cYmJXCJMSKd0oKHtTNqOCZnwFLoy6s638QV8G8vAQsF/9fX8f5PznyDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKmjRBHaIBGPVDvAmnImacMww2k7VhSLgNNWMLqd+q0nqjSL5IMZx9QXeCBZyAg2dvRYHlWS3vnZtVvuFUvuhZsJLYM3h1LtCDLVe8Wvbj8iiaDSEI617nhubPwUK8MIp5NCN9E0xmSEB7RjUWJBtZ9mG0/QaRgpZIYUZe/f2RQLrccisBmBzVAvetPhf14nMeGVnzIZJ4ZKYiPWCxOOTISmxVGfKUoMH1vARDG7JSJDrDAx9jwFW99bLLsMzeqFZ/m+WqrdzO4AeTiGE6iAB5dQgzuoQwMISHiBd/hwhPPsvDpvs2jOmf85hD9yPn8Ak06NNQ==</latexit><latexit sha1_base64="U6WWLpcwv5+8+s4LEnPsPcX98Es=">AAAB63icbZDNTgIxFIXv4B/iH+rSTSOYYEzIDBvdmBDduMREfiJMSKdcoKHTmbQdEzLhKXRl1J1v4wv4NhachaJn9fWe0+SeG8SCa+O6n05uZXVtfSO/Wdja3tndK+4ftHSUKIZNFolIdQKqUXCJTcONwE6skIaBwHYwuZ777QdUmkfyzkxj9EM6knzIGTV2dF+eVJL+2emlW+4XS27VXYj8BS+DEmRq9IsfvUHEkhClYYJq3fXc2PgpVYYzgbNCL9EYUzahI+xalDRE7aeLjWfkZBgpYsZIFu+f2ZSGWk/DwGZCasZ62ZsP//O6iRle+CmXcWJQMhux3jARxERkXpwMuEJmxNQCZYrbLQkbU0WZsecp2Prectm/0KpVPcu3tVL9KjtEHo7gGCrgwTnU4QYa0AQGEp7gFd6c0Hl0np2X72jOyf4cwi85718jKozh</latexit>

The leading solitary wave edge of a DSW is determined  in a similar fashion  
but in terms of conjugate variables.
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Whitham-Boussinesq 

Whitham-Boussinesq with surface Tension 
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and u0=0.

Smyth 2019 Fig.  Undular bore  del modelo Whitham-
Boussinesq con stensión superficial y 
fondo plano T=0 and u0=0.
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Whitham-Boussinesq con tensión superficialWhitham-Boussinesq fondo plano
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Euler Equations in Curvilinear Coordinate System in 2D
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Fig. Physical domain with generalized curvilinear coordinate system in 2D. 
Initial STEP profile  for the resolution of a DSW in the General Equations of water waves in constant depth.

Elliptic Grid.                                                               Initial Condition: Step profile with  
                                                                                            zero velocity (u_1,u_2) and surface pressure Zero 

and hydrostatic pressure in the fluid domain



Fig. Physical domain with generalized curvilinear coordinate system in 2D.  
Initial STEP profile  for the resolution of a DSW in the General Equations of water waves in constant 
depth.
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