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Dispersive Shock waves (DSW)
<> Bidirectional Whitham systems.

> DSW fitting method

€ Preliminary results



Main goal: The determination of the macroscopic DSW properties in the

general water waves equations.
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Fig 1. Three standing paddle board
riders on a river undular bore in
Turnagain Arm, Alaska,

Gennady El. M. Hoefer “DSW and
Modulation theory”, 2016

Fig 2. Tidal river bore on a river Ribble
Lancashire,

Gennady El. M. Hoefer “DSW and
Modulation theory”, 2016

A tidal phenomenoniin
which the incoming
tide forms a wave (or
waves) of water
against the direction
of the current, is
known as Tidal Bore. It
occurs in locations with
a large tidal range,
typically more than s
meters, between high
and low water.



DSW Everywhere!

Fig 4. Image of the output set of a
defocusing, photo refractive crystal at
the input face.

Fig 3. Atmospheric DSW. a) Morning
glory roll cloud. b) Mountain waves

ATMOSPHERE Fig 5. Experimental evolution of DSW

after 1cm of propagation in an ethanol
+ iodine cell OPTICS

Gennady El. M. Hoefer “DSW and Modulation theory”, 2016

Fig 5. Atmospheric gravity waves moving
southward off the Texas coast and out

over the western Golf of Mexico
Internal waves

Figure 1.2: Internal waves in the Sulu Sea between the Philippines and Malaysia [97].

Xin An, PhD Thesis 2018



A DSW is the dispersive resolution of a step, or near-step initial condition

Typical numerically computed solution of the KdV equation is in
black and Burgers' equation is in red
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Grimshaw Presentation 2006
The seminal paper of Gurevich and Pitaevskii* adapted the Riemann problem to consider the longtime behavior of step

initial data forthe KdV equation, adispersively regularized hyperbolic equation. The solution to this problem s
fundamental to most all of DSW theory, we refer to the KdV Riemann problem as the GP problem.

[*] A. V. Gurevich, L P. Pitaevskii, Nonstationary structure of acollisionless shock wave, Sov. Phys. JETP (1974), translation from Russian



Anatomia de un DSW clasico del tipo KdV
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small amplitude waves solitary wave
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Gennady El and M. Hoefer “DSW and Modulation theory”, 2016



The FLUID Is:
» |nviscid

» Homogeneous
» Incompressible
» Irrotational

The only volumetric force acting on the fluid is gravity.
The FLUID DOMAIN D(B(z),n(x,t)) is
» Simple connected.

» |In 2D or 3D.

In Eulerian representation u(x, t) represent the velocity of the point = at time ¢.
The field of velocities can be described as the gradient of a function

U=V



EULER’S EQUATIONS IN 2D
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» It is a classical free-boundary problem
» The boundary conditions in the free surface are strongly nonlinear and coupled equations



Hamiltonian formulation

Zakharov (1968) poses the evolution equations in the form of a Hamiltonian
system in the canonical variables (n(x),&(x)) with &(z,t) = o(z,n(z,t),1)

N 0 I onH \
(1) = (5 ) (i)

V.E. Zakharov (1968), J.W. Miles, (1977)

H="1[(¢G(B,n)¢ + gn?)dx

- J

W. Craig and C. Sulem (1993)




Hamiltonian in terms of Dirichlet-Neumann operator

Green ldentity
Vol? .
K= [, pNelav =2 [ V- (oV)dV =2 [, (V- i) |y=y dS

[ H =5 [L(EG(B,m)& + gn*)dx ]

W. Craig and C. Sulem (1993)




Hamiltonian:  H = 2 [ (§G(8,n)¢ + gn?)dzx

» In general there is not an explicit expression for it!
» This case gives rise to an explicit expression to de DN operator:

0
1_

G(0,0)]: & —— Dtanh(D){¢ Whatis this object?

Where D is as usual the operator D = —i0,

A

E(x) — E(R) — /itanh(hon)é(/{) — fR /ftanh(hom)é(/i)eimd/{ .= |D tanh(hoD)|&



Hamiltonian:  H = 2 [ (§G(8,n)¢ + gn?)dz

» In general there is not an explicit expression for it!
» This case gives rise to an explicit expression to de DN operator:
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Where D is as usual the operator D = —i0, Ha=3 fR(fGA(ﬁa €n)
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¢(x) — €(k) — wtanh(hok)E(k) — [, & tanh(hor)E(k)e™ @ dr = [D tanh(hoD)]¢



Shallow water regime

h2
0= K1 ~~ e:hio SMALL
G(B,en)](€) = > [Gn(B,m)](€)e"
n=0
Go(B,m) = Dtanh(hoD)+ DL(p), Coifman and Meyer (1985 )
G1(B,n) = DnD — GonGy Craig, Schanz and Sulem (1997)

| Craig and Sulem (2005)

G2(B:m) = 5(GoDn>D — D" Go — 2GonGh), Craig, Guyenne,

with D 5 Nicholls, Sulem (2005)
—_— —1 T

and L(3) Involve pseudo-differential operators



Whitham-Boussinesq non-local shallow water wave model
for variable depth

Ha =35 [(EGA(B,en)é + gn?)de

Gy = Sym(\% tanh(y/eh(x)D)) with D = —i0,
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In a periodic framework we obtain an infinite matrix representation
in terms of the Fourier coefficients of the symbol of the operator.
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<> Infinite dimensional Hamiltonian system

The canonical variables are the surface quantities. (7)(xz), £(x))

¢> The evolution equation are expressed in Darboux coordinates
using Variational derivatives of the Hamiltionan.
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» R. M. Vargas-Magana, P. Panayotaros
A Whitham-Boussinesq long-wave model for variable topography, Wave Motion (2016)

» R. M. Vargas-Magana, P. Panayotaros, A. A. Minzoni
Linear modes for channels of constant cross-section and agproximate
Dirichlet-Neumann operators, Water waves Journal IN PRESS 2019

Projects

Trapped longitudinal modes
in domains with unbounded constant cross-section.

» Bloch Theory, Spectral Gaps and Wannier Functions for
linearized waves using the DN operator



Bidirectional Whitham Equations as Models of Waves on Shallow Water

John D. Carter (2018)

The accuracy of the Whitham type equations to model data from real-world experiments of waves on shallow water.

The conclusion is that the most accurate predictions come
from models that contain accurate reproductions of the

Euler phase velocity, (= \/ g tanh(kho)

sufficient nonlinearity,

and surface tension effects.



Current Methods to determine analytically the macroscopic DSW properties.

» Nonlinear wave modulation theory

» DSW Fitting method introduced by Gennady El and collaborator in 2006

For non-integrable dispersive equations, the explicit determination of the Whitham modulation
system is not possible in general.

A DSW fitting procedure determine analytically the macroscopic DSW properties.



DSW fitting method

These macroscopic DSW properties include:

» the DSW edge speeds and

» the DSW wave parameters:
» the harmonic edge wavenumber
» the soliton edge amplitude.

The determination of these observables represents the fitting of a DSW to the
long-time dynamics of piecewise constant, initial Riemann data.

The DSW fitting method proposed by Gennady El and collaborators is based
on a fundamental, generic property the Whitham modulation equations admit
exact reductions to a set of common, much simpler, analytically tractable
equations in the limits of vanishing amplitude and vanishing wavenumber,
which correspond to the harmonic and soliton DSW extremes.



DSW fitting method for Whitham-type equations

Uy + 2ut, + Dolul, =0

Modulations equations are strictly hyperbolic, nonlinear and have solitary and linear limits

@ Non-dispersive form: %? | Qﬂ% — (.

Dispersion relation: (k) Convexa

¢>» Matching the non dispersive region behind the DSW and the trailing edge is determined by

dk __ foims
du V(u) ‘g‘;ﬁ’ ’ with V(H) = 2u and 7/ the mean of U

€> The leading solitary wave edge of a DSW is determined in a similar fashion
but in terms of conjugate variables.



Whitham-Boussinesq
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Whitham-Boussinesqg fondo plano Whitham-Boussinesq con tension superficial

Ou | o | uau — 0 ou N on N ou 0
— Ju  on O0u
ot Ox Oz ’ ot ' Oxr  Ox !
%, o O tanh D T
ot Ox ox" D P
0.4 | . . . . 0.35
0.35 + . 0.3 \
0.3 . 0.25 1 \\_\
0.2 | \ |
0.25 + - \.\ |
0.15 \ /e \ﬂ\
0.2 - - v .{J
0.1 |
0.15 MMMWWM 1
0.05 |
0.1+t 1 ol
0.05 1 I 0.05 |
0 L— ' ' ' _ 0.1 —
-400  -200 0 200 400 600 200 -150 100 50 0 50 100 150 200
X

Fig. Undular bore del modelo Smyth 2019 Fig. Undular bore del modelo Whitham-

Whitham-Boussinesq fondo plano n=0 Boussinesq con stension superficial y Smyth 2019
and ug=0. fondo plano T=0 and uq=0.



Euler Equations in Curvilinear Coordinate System in 2D

Physical Domain VS Computational Domain



Euler Equations in Curvilinear Coordinate System in 2D
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Elliptic Grid. Initial Condition: Step profile with
zero velocity (u_1,u 2)and surface pressure Zero
and hydrostatic pressure in the fluid domain
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Fig. Physical domain with generalized curvilinear coordinate system in 2D.
Initial STEP profile for the resolution of a DSW in the General Equations of water waves in constant depth.
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Initial STEP profile for the resolution of a DSW in the General Equations of water waves in constant
depth.
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Thank you for your attention
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% . To define the curvilinear coordinate system: %
% x1(xil,xi2) and x2=(xil,xi2) %
% Initial Profile in [0,x1max] %
% with variable x1 and grid size equal to size(xil) %
B R S S N S R L S R L A B L S e S L s ]
h@=-1;

CL=14;

mlc@=length(xla);

mlc=CL#length(xla);

xlc=(0: (x1max/ (mlc-1) ) :x1max)";
x1c0=0: (x1Imax/ (mlc@-1) ) : x1max;
eta@x1co=0.08+(1-tanh((x1c@-100)/al));
eta® = 0.08%(1-tanh((x1lc-100)/al));
wetad=(0.3%(sech(0.27+((x1lc-(100))+1)))."2)";
%etadxlcO=(0.3*(sech(0.27+((x1lco—(100))+1))).~2)";
%etad=(0.1*sin(3*xLlc)*sin({(pisf2)))";
%Arc length
dxl=zeros(mlc-1,1);
for k=1:1:mlc-1
dxl(k)=abs({xlc(k+1)-x1lc(k))."2;
end
lx2=zeros(mlc-1,1);
for k=1:1:mlc-1
1lx2(k)=abs(etad(k+1l-etaB(k)).”2:
end
lengtheach=zeros(mlc-1,1);
for k=1:1:mlc-1
lengtheach(k)= sqrt{dx1({k)+1x2(k));

end

lengthcurve=sum( lengtheach);

vidtoxa=zeros(mlc-1,1);
for k=1:1:mlc-1
vidtoxa(k)=sum( lengtheach(1l:k)) ;
end
vidtox=((vertcat(@,vid0toxa)*(Nxil-1))/lengthcurve);
x20=zeros (Nxi2 Nxil);
x10=zeros (Nxi2 Nxil);
h@v=-1%ones (Nxi2,1);
etalPlO=eta@(1l)+ones(Nxi2,1);
etalPend@=eta@(CL#Nxil)+ones(Nxi2,1);
Bleft
for k=1:Nxi2
x20(k,1)=(etaUP10(k)-hov(k) )*(xi2(k)/(Nxi2-1) )+hov(k);
end
for k=1:Nxi2
x10(k,1)=x1a(l);
end
%rigth
for k=1:Nxi2
x20(k,Nxil)=(etaUPend@(k)-hOv(k) )#(xi2(k)/(Nxi2-1))+hov(k);
end
for k=1:Nxi2
%x10(k,Nxil)=xla(x1lmax);
x10(k,Nxil)=xla(x1max);
end
%%bottom
for k=1:Nxil
x20(1,k)=-1;
end
for k=1:Nxil
x10(1,k)=x1la(xImax)*(1/(Nxil-1) )+xil(k);
end
for k=1:Nxil
[am(k),im(k)]=min(abs(xil(k)-v1@tox(:)));
end
for k=1:Nxil
*NvO(k)=xlc({im(k));
end
etaN@=interpl(xlc,eta®",xNv@, ‘'pchip');
for k=1:Nxil
x20(Nxi2, k)=etaNo(k);
end
for k=1:Nxil
x10(Nxi2, k)=xNvo(k);
end
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% SOR method to obtain the curvilinear coordinates in the whole domain %
% This is an elliptic grid in the physical domain %
B T T e R L L L B L R B L R S L L L)

errXxé=1;
errYé=1;
err = 1.8e-180;
*B=x10;
yO=x20;
x0ld=x10;
yold=x20;
iter=0;
while errX@ = err || errY@ = err
for v=2:Nxil-1
for ré=2:Nxi2-1
alphal@é= (1/(2))#(xold(r@+1,v)-x0(ro-1,v));
alpha2@= (1/(2))*(yold(re+1,v)-y0(re-1,v));
gammal@ (1/(2) )#(xold(r@,v+1)-x0(ro,v-1));
gamma2@ (1/7(2) )#(yold(r@,v+1)—y0(ro,v-1));
Alpha® = alphal®e~2 + alpha202;
beta® = alphal@+gammal® + alpha2@+gammaz;
gammal = gammal@™2 + gamma2@"2;
factor = 1/(4%(Alpha®+gamma@) ) ;
x0(rd,v) = factor#(2+Alpha®*(xold{r@,v+1)+x0(r@,v-1) )-betad*(xold(ro+1,v+1)-¥
x0(ro-1,v+l)-xold(r@+1,v-1)+x0(r@-1,v-1)) + 2+gammad#*(xold(re+1,v)+x0(re-1,v)));
y@(rd,v) = factor(2+Alpha@*(yold(r@,v+1)+y@8(rd,v-1) )-betad+(yold(r@+1,v+1)—«
yo(ro-1,v+l)-yold(r@+1,v-1)+y@(ro-1,v-1)) + 2+gammad+*(yold(r@+1,v)+y@(re-1,v)));
end

end

iter=iter+1;

if mod(iter,60)==0
iter;
errX® = norm({xold-x@,1) /norm(xold,1);
errYd = norm{yold-y0,1)/norm{yold,1);

end

x0ld=x@;

yold=y@;

end
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Al=
A2=

The computation of J1°{-1} for each cell

This is just the area of the cell We could compute J~{-1}

using equation od the discriminant and the finite differences given
above but a more acurate representation is obtained by calculating the
volume of the gquadrilateral cell directly. Wich in the 2D planar case
considered for most of the test calculation in this papers leads to
\Omega(j, k)= J~{-1}(],k)= 0.5%/A1-A2/
Al is the product of the differences of cross vertex first x and then y
*_dy d——x_cy_c

i i
i i

¥_1ly a——x_by b

(xd-xb)x(ya-yc)
(yd—yb)x(xa—xc)

FPEPPPEERE L P E PP
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%

Al=zeros(Nxi2-1,Nxil-1);
for k=1:Nxil-1
for j=1:Nxi2-1

Al(j,k)=((x0(],k+1)-x0(]+1,k))*(y0(],k)-y0B(]j+1,k+1)));

end

end

A2=zeros(Nxi2-1,Nxil-1);
for k=1:NMxil-1
for j=1:Nxi2-1

A2(],k)=((y0(],k+1)-y0(3+1, k) )*+(x0(],k)-x0(]7+1,k+1)));

end

end

for k=1:Nxil-1
for j=l:Nxi2-1

Iml@(j,k)=0.5%abs(A1(],k)-A2(],k));

end

end

Imlplusc@=Im10(: ,Nxil-1);
Im129x2500=horzcat(Iml@, Imlpluscl);
Imlplusbr@=Im129x2500(Nxi2-1,:);
Imlplusr@=Im10(Nxi2-1,:);
Im130x2490=vertcat(Iml@,Imlplusrd);

B A S e L R T T T B T B T B
%% The Metrics, metric tensor are recalculated according to the new grid %

{1,k) centers vertical edges

%

B R A A T R R PR R TR TR S

Imldxildx29x2500= dydxi2@;
Imldxildy29x2500=—dxdxi20;
ImldxiZ2dx30x2490=—dydxil0;
Imldxi2dy30x2490= dxdxil@;

Imldxildx29x24910= dydxi2lc®;
Imldxildy29x24910=—dxdxi21c®;
Imldxi2dx29x249b@=—dydxilbotr@;
Imldxi2dy29x249bf=dxdxilbotr@;

Imldxildx29x249r@= dydxiZrc®;
Imldxildy29x249r@=—dxdxiZrc®;
Imldxi2dx29x249t0=—dydxiltopro;
Imldxi2dy29x249t0=dxdxiltopr@;

dxildxfr@= Iml10.~(-1).*dydxi2rcO;
dxildyfré=—Im10."(-1).*dxdxi2 rcO;
dxi2dxft@=—Im10."~(-1).#dydxiltopro@;
dxi2dyft@= Iml10.~(-1).#dxdxiltopro;
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% FLUX TERMS U1 U2 having ul and u2 %
% Initial conditions VELOCITIES for ul and u2 in the CENTERS of the CELL %
T e e e R R TR R R TS R B TR R R TR TS

%uld=zeros(Nxi2-1,Nxil-1);
for k=1:Nxil-1

for j= 1:Nxi2-1
ule(j,k)=yco(j, k)=0;

end

end

%u20=zeros(Nxi2-1,Nxil-1);
for k=1:Nxil-1

for j= 1:Nxi2-1
u2e(j,k)=yco(j, k)=0;

end

end

ulPORImlp@= Iml@.#ul@d;
uZPORImlp@= JIml@.%u2@;

%ghost points

ulgl=vle(:,1);

ulgr=ule(: Nxil-1);
ulG@=horzcat(ulgl,ul®,ulgr);
u2gb=u20(1,:);
u2gt=u20(Nxi2-1,:);
u2G@=vertcat(u2gb,u20,u2gt);

%% Interpolation of ul® and u20 to the right faces
ul@f=ulGO(:,1:Nxil-1)+ulGO(:,2:Nxil)*0.5;
u20f=u2GO(1:Nxi2-1,:)+u2GO(2:Nxi2,:)+%0.5;
for k=1:Nxil-1
for j= 1:Nxi2-1
vgl(j, k)=1;
end

end
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TR TR YR —————=PRESSURES JUST in the BORDER!'!'!! %
% this eta should be the eta in Coordinate grid centers %
YhetabNt is defined in the physical domain in the cartesian coordinates . %
% with the curvilinear coordinates x1(xil,xi2) x2(xil,xi2)
etabNt=etaNb";

xcvCB=horzcat(xc@(1,:),xlalend) );
waN=xNv(1,:);
%xNv@ are points in x1 that are the closest to the parametrization .
%n I interpolate to the centers
%%%Con ello produzco una nueva malla en cuyos centros definiré las
¥¥Epresiones

[xNv@, index] = unique(xNve);
eta@Center=interpl(xNv@,etadNt( index),xcvC@, ‘pchip’);
eta@Center(isnan{etadCenter) )=0;
gml=-—1;

pM=zeros(Nxi2-1,Nxil-1);

for k=1:Nxil-1

for j= 1:Nxi2-1

pM(j,k)={etadCenter(k)-ycO(j,k));
end
end

prep=pM(Nxi2-1,:);
pM2 = repmat(prep,Mxi2-1,1);
pBa=pM-pM2;
pO=pBa+(gml#yc@(1:Nxi2-1,:));
phi@= p@+gml*ycp®;

for k=1:Nxil-1

for j= 1:Nxi2-1

etanWhole@(j, k)=ycpl(j,k);

end

end
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% FLUX TERMS Ul U2 %
% these FLUXES are defined in the center %
% The present method requires, in general, the calculation of fluxes %

%(more precisely,flux Jacobians)with both second and first order spatial %
%Saccuracy . First-order accuracy is easily achieved by choosing the cell %
%face values QL and QR as

SOL_i+1/2= 01,

%0R_i+1/2= Qi+l

B B S S S s B S S B L S L R L A R S D S e DL L o e

U10f=dxildxfr@.+ul®f(:,:)+ dxildyfr@.u20f(:,:);
U20f=dxi2dxft0.#ul0f(:,:)+ dxi2dyft@.#u20f(:,:);
TR TR RCent ral differences
Ulul@=Ulef.=xullf;

Ulu2@=U10f.*u20f;

%% We add initial and final column
Ululcfe=Uluvile(:,1);

Ululcle=Ulul®(: Nxil-1);
Ulul@B=horzcat(Ululcf@,Ululd,Ululcle);

Ulu2cf@=U1lu20(:,1);

Ulu2cle=U1lu20(: ,Nxil-1);
Ulu2@8B=horzcat(Ulu2cf@,Ulu20,Ulu2cle);
H%ee%%

U2ul@e=U20f.*uldf;

U2u2@=U20f.xu20f;

%We add initial and final row
U2ulrfe=U02ul0(1,:);
U2ulrl@=U2ul0(Nxi2-1,:);
U2ul@B=vertcat (U2ulrf@,U2uld,V2ulrle);
V2uZ2rfe=U02u20(1,:);
U2u2rl@=U2u20(Nxi2-1,:);
U2u2@B=vertcat(U2u2rf@,U2u20,02u2rle);

UleBfirst=U010f(:,1);

Ul@Blast=U10f(: Nxil-2);
Ul@B=horzcat(Ul@Bfirst,Ul0f,U10Blast,U10Blast);
Ul@BB=horzcat(Ul0Bfirst,U10f);

U2eBfirst=U20f(1,:);

U20Blast=U20f (Nxi2-2,:);
U2@B=vertcat(U20Bfirst,U20f,U20Blast,U20Blast);
U20BB=vertcat(U20Bfirst,U20f);
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% QUICK method after getting the left and rigth values of u %
% in the cell face. If U is constant and the grid spacing dx is constant %
B e A A e e A e A R A R R R R S SRR B T B N

for 3=3:Nxil+2
for k=1:Nxi2-1
if UleB(k,j-2)=0 && Ul0B(k,]-1)=0
ul@leftalk,j)=(6/8)*ulB0(k,j-1)+ (3/8)+ulB0(k,]j)-(1/8)*ulBB(k,]-2);
elseif UleB(k,)-2)<0 && Ul@B(k,j-1)<0
uldleftalk,j)=(6/8)+ulBB(k,j)+ (3/8)%ulB0d(k,]-1)-(1/8)%ulBO(k,j+1);
else
uldleftalk,j)=0;
end
end
end
ul@left=ul@leftal:,3:Nxil+l);

u2@lefta=zeros (Nxi2-1,Nxil-1);
for j=1:Nxil-1
for k=3:Nxi2+2
if U20B(k-2,j)=0 & U20B(k-1,j)=0
u20leftalk,j)=(6/8)*u2B0(k-1,7)+ (3/8)*u2B0(k,j)-(1/8)+u2BB(k-2,7);
elseif U20B(k-2,7)<0 && U20B(k-1,3)<0
u2@leftalk,j)=(6/8)*u2B0(k,j)+ (3/8)*%u2BB(k-1,7)-(1/8)*u2BO(k+1,]);
else
uz@leftalk,;)=0;
end
end

end
u2@left=u20leftal{3:Nxi2+1,:);

%ul@righta=zeros(Nxi2+2 ,Nxil-1);
for j=2:Nxil+l
for k=1:Nxi2-1
if UleB(k,j-1)=0 && Ul0B(k,])=0
ul@righta(k,j)=(6/8)+ulB0(k,j)+ (3/8)*ulBO(k,j+1)-(1/8)*ulBO(k,]-1);
elseif UleB(k,j-1)<0 && Ul@B(k,]j)<0@
ul@righta(k,j)=(6/8)+ulBO(k,j+1)+ (3/8)#ulBO(k,j)-(1/8)*ulBo(k,]j+2);
else
ul@rightal(k,j)=0;
end
end
end

ul@right=ul@rightal:,2:Nxil);

%u2@righta=zeros(Nxi2-1,Nxil-1);
for j=1:Nxil-1
for k=2:Nxi2+1
if U20B(k-1,j)=0 & U20B(k,j)=0
u20righta(k,j)=(6/8)+u2B0(k,j)+ (3/8)%u2B0(k+1,j)-(1/8)*u2B0(k-1,7);
elseif U2eB(k-1,])<0 && U20B(k,])<0
u2@righta(k,j)=(6/8)+u2B0(k+1,3)+ (3/8)%u2B0(k,])-(1/8)*u2BO(k+2,7);
else
u2@righta(k,j)=0;
end
end
end

u2@right=u2@righta(2:Nxi2,:);

deltaxilUlul@=Im10.%(0.5+((U10f+abs(U10f) )+(U10f-abs(U10f))).*uldleft— (0.5%(U10f+absw
(U18F) )+(U10f-abs(U10f))) .#ul@right);
deltaxi2U2u20=Im10.*({0.5%( (U20f+abs(v20f) )+(U20f-abs(U20f) ) ).*u20left— (0.5%x(U20f+abs¢
(uzef) )+(uz2ef-abs(U20f))).*u208right);
deltaxi2U2ul0=Iml0.*(0.5%( (U20f+abs(u20f) )+(U20f-abs(U20f)) ).*uldleft- (0.5%(U20f+absv
(uzef))+(u2ef-abs(u28f))).*ulBright);
deltaxilU1u20=Im10.%(0.5+((U10f+abs(U10f) )+(U10f-abs(U10f))).*u20left— (0.5%(U10f+abswv
(ulef))+(ulef-abs(uief))).*u2@right);
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% Convective terms %
% Compute coefficients for dculx,dcu2y, hdfulx, hdfulxt2, hdfuly, hdfu2yt2 %
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W%FLUX TERMS Ul U2 these FLUXES are defined in the center. %
%The present method reguires, in general, the calculation of fluxes %
%(more precisely, flux Jacobians)

%ghost points

ulgl=ul(:,1,1i);

ulgr=ul(:, Mxil-1,1i);

ulG=horzcat(ulgl,ul(:,:,i),ulgr);

%

u2gb=u2(1,:,1i);

u2gt=u2 (Nxi2-1,:,1i);

u2G=vertcat(u2gb,u2(:,:,1i),u2gt);

%

H%%%lets interpolate ul® and u2@ to the right faces

%%%First we need to interpolate ulf and u2f
ulf=ulG(:,1:Nxil-1)+ulG(:,2:Nxil)*0.5;
u2f=u2G(1:Nxi2-1,: )+u2G(2:Nxi2, : )*0.5;
%% % % UL(:,:,i)=U1c(:,1:Nxil-2)+Ulc(:,2:Nxil-1)%0.5;
% % % % U2(:,:,i)=U2c(1:Nxi2-2,:)+U2c(2:Nxi2-1,:)%0.5;
Ul(:,:,i)=dxildxfr(:,:,i-1).%ulf+ dxildyfr(:,:,1i).+u2f;
U2(:,:,i)=dxi2dxft(:,:,i-1).%ulf+ dxi2dyft(:,:,1i).+u2f;

% %%Para NOEL

Ulul=U1.#ulf;

Ulu2=U1.#u2f;

Yagregar columna inicial y final

Ululcf=U1lul(:,1,1i);

Ululcl=U1lul(:,Nxil-1,i);

%
UlulB=horzcat(Ululcf,Ulul(:,:,i), Ululcl);
%
Vlv2cf=U01u2(:,1,1i);
UlvZ2cl=U1lu2(:,Nxil-1,1i);
%
Ulu2B=horzcat(Ulu2cf,Ulu2(:,:,1i), Ulu2cl);
S5 %%
U2ul=U2.#ulf;
U2u2=U2.%u2f;
%agregar fila inicial y final
V2ulrf=U2ul(1,:,1i);
U2ulrl=U2ul(Nxi2-1,:,1i);
%
U2ulB=vertcat(U2ulrf,V2ul(:,:,1i), U2ulrl);
%
V2u2rf=U2u2(1,:,1);
U2u2rl=U2u2 (Nxi2-1,:,i);
%
U2u2B=vertcat(U2u2rf,02u2(:,:,1), U2u2rl);



%%% Now we will interpolate the fluxes to the face of the cell grid.
viBf=U1(:,1,1i);
U1B1=U1(: ,Nxil-2,1i);
U1B=horzcat(U1Bf,U1(:,:,i),U1B1,U1B1l);
%
U1BB=horzcat(U1Bf,U1(:,:,1));
%
u2Bf=U2(1,:,i);
U2B1=U2(Nxi2-2,:,1i);
%U20B=vertcat(U20Bf, U20Bf, U20Bf, U20Bf, U208, U20B1,U20B1) ;
U2B=vertcat(U2Bf,U2(:,:,i),U2B1,U2B1);
%
U2BB=vertcat(U2Bf,U2(:,:,1));
%Now we will use the QUICK method but first we should obtain the left and
%% rigth values of u in the cell face
%If U is constant and the grid spacing dx is constant,then
%ul@lefta=zeros(Nxi2-1,Nxil-2);
for j=3:Nxil+2
for k=1:Nxi2-1
if U1B(k,j-2)>0 && U1B(k,j-1)=0
ullefta(k,j)=(6/8)*ulB(k,j-1)+ (3/8)#ulB(k,j)-(1/8)%ulB(k,]-2);
elseif U1B(k,j-2)<0 & U1B(k,j-1)<0
ulleftal(k,i)=(6/8)*ulB(k,j)+ (3/8)*ulB(k,1-1)-(1/8)*ulB(k,i+1);
else
ulleftalk,;)=0;
end
end
end
ulleft=ullefta(:,3:Nxil+l);
%u2lefta=zeros (Nxi2-1,Nxil-1);
for j=1:Nxil-1
for k=3:Nxi2+2
if U2B(k-2,7)=0 & U2B(k-1,j)=0
u2leftalk,j)=(6/8)%*u2B(k-1,7)+ (3/8)%u2B(k,j)-(1/8)*u2B(k-2,7);
elseif U2B(k-2,j)<0 & U2B(k-1,j)<0@
u2leftalk,j)=(6/8)+u2B(k,j)+ (3/8)#%u2B(k-1,j)-(1/8)*u2B(k+1,3);
else
u2leftalk,3j)=0;
end
end
end
%
u2left=u2lefta(3:Nxi2+1,:);
%ul@righta=zeros(Nxi2+2,Nxil-1);
for j=2:Nxil+l
for k=1:Nxi2-1
if U1B(k,j-1)=0 & U1B(k,j)=0
ulrighta(k,3)=(6/8)%ulB(k,j)+ (3/8)#ulB(k,j+1)-(1/8)*ulB(k,j-1);
elseif U1B(k,j-1)=0 & U1B(k,))<0@
ulrighta(k,j)=(6/8)*ulB(k,j+1)+ (3/8)*ulB(k,j)-(1/8)*ulB(k,j+2);
else
ulrighta(k,3)=0;
end
end
end

ulright=ulrighta(:,2:Nxil);
%u2@righta=zeros(Nxi2-1,Nxil-1);
for j=1:Nxil-1
for k=2:Nxi2+1
if U2B(k-1,7)=0 && U2B(k,j)=0
u2righta(k,j)=(6/8)*u2B(k,j)+ (3/8)#u2B(k+1,3)-(1/8)+u2B(k-1,3);
elseif U2B(k-1,;7)<0 && U2B(k,])=0
u2righta(k,j)}=(6/8)*u2B(k+1,j)+ (3/8)*u2B(k,j)-(1/8)*%u2B(k+2,3);
else
u2righta(k,j)=0;
end
end
end
u2right=u2righta(2:Nxi2,:);
%

deltaxilUlul(:,:,i)=Im1(:,:,i).*(0.5%((U1(:,:,i)=abs(U1(:,:,1i)))+(UQ(:,:,i)-abs(U1(:,
i)))).*ul@right- (0.5%((U1(:,:,1i)+abs(UL(:,:,1i)))+(UL(:,:,i)-abs(U1(:,:,1)))).*ulleft
deltaxi2U2u2(:,:,i)=dml(:,:,i).#(0.5%((U2(:,:,i)+abs(U2(:,:,1i)))+(U2(:,:,i)-abs(U2(:,
i)))).*u20right- (0.5%((U2(:,:,1i)+abs(U2(:,:,1)))+(U2(:,:,i)-abs(U2(:,:,1)))).*u2left

%
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deltaxi2U2ul(:,:,i)=Im1(:,:,i).#(0.5%((U2(:,:,i)+abs(U2(z,:,1i)))+(U2(:,:,i)-abs(U2(:,:, v
i)))).*uldright- (@.5%((UV2(:,:,i)+abs(U2(:,:,1i)))+(U2(:,:,i)—-abs(U2(:,:,1i)))).*ulleft));

%

deltaxilUlu2(:,:,i)=dml(:,:,i).#(0.5%((U1(:,:,i)+abs(U1(:,:,i)))+(U1(:,:,i)-abs({U1(:,:,¥
i)))).*u20right- (0.5%((U1(:,:,1i)+abs(UL(z,:,1)))+(UL(:,:,i)-abs(U1(:,:,1)))).*u2left));
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