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» Geophysical phenomena that involves DSW

» Anatomy of a DSW of KdV-type and the Dispersive Shock

Hitting Method applied to four weakly nonlinear water waves
models for the description of the macroscopic properties on
these Bores.

» Fully nonlinear water waves - undular bores

» Results (The analytical and numerical findings to stablish

some results on the app|icab"t¥ for describing oceanic events
and on the agreement of the DS-fitting method relative to the
tully non-linear water wave models. )
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Geophysical phenomena

that involves DSW.
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[El-Hoefer, 2016] @ [An, PhD Thesis, 2018]

1. Morning glory roll cloud. 2. Atmospheric gravity waves moving southward off the Texas coast and out over the western Golf of Mexico 3. Three standing
paddle board riders on a river undular bore in Turnagain Arm, Alaska. 4. Tsunami-like waves hitting North Beach in Koh Pu Thailand 2004 6. Internal
Solitary Waves. Fven the eye at sea level can detect the induced surface-wave changes as rough and smooth regions. In the Sulu sea between Philippines and
Malaysia. 7. Lee wave from the northeast peak of Georges Bank outinto Georges Basin seen with echo sounder de 200 kHz,
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Dispersive Shock Waves play an important role in oceanic

events!

» C0astal tsunami propagation
» Internal ocean transport

» Equilibrium of costal ecosystems
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The vast majority are satellite images!
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An Atlas of Oceanic Internal Waves and Solitons (May 2002) by Global Ocean AssociatesPrepared for Office of Naval Research - Code 322
POSF Pulished in :_doi=10.1.1.737.631&rep=rep1&type=pdf
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https://citeseerx.ist.psu.edu/viewdoc/download
https://citeseerx.ist.psu.edu/viewdoc/download

Complex Physical settings that can perturb DSW

Com Iete_globaltopora hlcand bath metrlc coverage.

S em et 1,.«'
B 0

1027.6 1023 1027 1024 1026 1023 1025
Density (kg m-3) Density (kg m-3)

[Vieira-Allshouse, 2020]credit :Magda Carr Talk

%

26 Major Straits in the world

edit:NOAA: Amante, C. y B. W. Eakins, ETOPO1 1 Arc- Mmute Global Relief Model: Procedures, Data Sour(‘@and Am[lysns

AT NOAA Technical Memorandum NESDIS NGDC-24, 19 pp, marzo de 2009.
\‘ , ,’;‘F :.~J ', :‘L{:‘J\i

mw,%, N Depths of closure dc along the global coastline using

{(//‘ ‘-\ 2t BN P v " 3 A T N .
: M3 "._ ¢ T r DY ad T E

; Yl N i;.-'.‘a/ o5 ; 80 :
Y '-,1-'_,‘ ’ ¢ v R = l' Ll hH . - /: e / . -~ 3 e o
% 23— %\'fl(\ Q- o 6 7 N .‘(v <
1 { A ~ / Z > ,};l..‘..- i ,9/
"\‘\’\\ 4. 0520 77 o b\ T ( }- .. = Sy
Y UN~S_.. \\ 3 'x} Py =t 40 LI Pk o § §
* "\. N \ \/ \ / ;‘“x, \." (. ‘ }... e e
- "”. - Y % ) ‘/' \'1 4“ /'4 .1; ';'; % L \U". . . . 9
']\ / . \((}i{ % i 2 0] ™ S .1\ . 3 o of e, -
| ( v "" ".l i/ 5-'"' i . E 0
\ 7 y 7 g ” A
[ : i \ -20 J;ﬁ /e P R.9¢ S
& 3 : - initial profile final profile }, e " f =
https://www.jagranjosh.com/ Zeq(®) - a0 o ‘ ' , "/ i 6 °
general-knowledge/list-of-the- 40 4 L,o % o o ¢ \\, é
- - o
major-straits-of-the- . PN ° = e
world-1495794208-1 _150 _100 _50 0 50 100 150
i e Longitude (deg)
: "= shoreline L2z Z
E . E retreat S 5 —




£ Gran desarollo tecnoldgico en la instrumentacion de medicion in situ y en
laboratorio de estos fenomenos.

£ Enorme capacidad de computo y el disefio de esquemas numericos que preservan
propiedades estructurales de Ias ecuaciones que ha permitido integrar numericamente
as ecuaciones por tiempos prolongados.

£ Se han registrado y documentado los efectos no lineales de [a combinacion de I
dispersion de las ondas y la topogratia y las fuerzas de restauracion que se manifiestan
ante |a propagacion de ondas por periodos prolongados del tiempo.
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#. Se han observado numericamente ondas coherentes estables e inestables y
os efectos de radiacién, resonancia, disipacién, vorticidad, enfoque y
desenfoque de [as ondas, tren de ondas periodicos, frentes de ondas etc.
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» DSW are of Interdisciplinary interest

» Simpler models that captures with loyalty relevant physical situations

can lead us to the discovery of structural properties, and in particular for
DSW can give us some insights one the long time evolution of these

waves under complex physical settings.
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» A generic type of wave phenomenon arising as solutions of nonlinear

dispersive wave equations.
» [hey are of multiscale nature.

» [hey are transient solutions.

Time = 25 ms
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DSWi is an expanding, slowly-modulated wave form, with a linear wave-train at one end

and a solita 'y Wave at the other. New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



Anatomy of a DSW of KdV-type

Macroscoplc Propemes of a DSW
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It consists of two edges the trailing edge and leading edge propagating with different speeds

with a modulated dispersive wavetrain between these. The two distinct speeds of propagation
correspond to two limits, the harmonic (linear) wave limit where the wave amplitude is small and the
solitary wave limit where the wavenumber is small
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Anatomy of a DSW

0-25 I I I I
[Marchant -Smyth-Vargas-Magafia, 2021]
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This is a typical undular bore solutions of these four Boussinesq systems. This corresponds
with the Whitham-Boussinesg-Hamiltonian, for the initial condition (cyan dashed line).
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Current Methods to determine analytically

the macroscopic DSW properties.

> Nonlinear wave modulation theory: To obtain the full undular bore

solution of a nonlinear, dispersive wave equation, the Whitham modulation equations Tor
this equation need to be known.

» Dispersive Shock Fitting Method introduced by G. El and
collaborators in 2005

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



For Dispersive Shock-Fitting method to be applied

we need to check:

1- The nonlinear, dispersive equations must satisfy
the following conditions:

It supports periodic travelling-wave solutions, parameterized by three
independent variables.
It possesses at least two conservation laws.
tadmits a dispersionless (hydraulic) limit obtained by introducing the slow
variables.
(amplitude, wave number, phase wave )
The linear dispersion relation w(k) is real-valued.

And

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



A(U) s the Jacobian Matrix

1- The Whitham system must satisfy the following conditions:

Is strictly hyperbolic.
Hyperbolicity cannot be checked without directly solving the Whitham
system so this condition should be verified by, for example, comparison
of theoretical results with numerical simulations.

The Whitham system is genuinely nonlinear.
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Degenerate form of the Whitham modulation system

U, + A(U)U, =0

In the harmonic limit 1 = 0 In the soliton limitk = 0O
~ _k
k = 0 A=7
U Viulu — 0 [ )
t T ( ) -t IN @, 0N Adu) dk(od, |\ 9®, IA
— +——+-—\ | —-u|+— [(=0|A—
K¢ + UJ()(K,, U,)w = ( gt | Ox [ ox|du\ 5k ou | 0x
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The equation for the
wavenumberk=Fk(u)

at the trailing edge of the DSW is

In the harmonic limit = 0

dk
dii

Owo /3”&

V(ﬂ)—awo/ﬁk

k(us) =0

In the soliton limitk = 0

~

@ . 3(:)()/3’&
du — V(u)—0wg/0k

/E(uh) =0
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In this work, using DS-Fitting Method we are reporting:

» [eading edge solitary amplitude
» Leading edge solitary velocity
» Irailing edge harmonic wave number
» Intermediate amplitude.
Threshold of "Benjamin-Feir instability"

For the four Boussinesq systems studied in this work:

° Standard Boussinesq system
o Boussinesg-Hamiltonian system
° Full-dispersion shallow water equations

Whitham-Boussinesq System

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



Weakly-Nonlinear

watgr waves models.
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Hamiltonian Formulation -
of the Water waves problem 1995 #

Hiatory bites ON the
Water Waves Theory

xi W Craig

/akharov

: ta
Whitham quatlon

Explicit Introduction of the
Dirichlet-Neumann operator
in the Hamiltonian.

Q Craig-Groves: Rigourous
= derivation of the
B { KdV-equation  Classical long-wave models
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Whitham-Boussinesgq model
Finite Constant depth
[Aceves-Panayotaros,2014]

B in _Equations Whitham-Boussinesq model
OusSsIinesq-tqg Variable-depth

[VargasMagana-Panayotaros,2016]

EUIQr EquatiOnS New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



® Same dispersion relation of Surface Euler Equations

|
=

® Existence of Traveling waves
® Breaking phenomena

® Existence of Solitary waves \isoon-\Wang, 20719,

® Existence of Stokes waves |\/argas-—hD [hesis 20717

® Peaking phenomena (a logarithmically cusped of greatest height) [~019Y)

@ Better description of short-waves [Smyth-Marchant-VargasMagana, 2021

® Hamiltonian system (this is suitable to control long time numerics) Accves-

Panayotaros, 2014 [Vargas-Fanayotaros, 2016 |
® Numerically tractable with numerical schemes that preserves

mathematical structure |Sulem-Crag 1993] (Guyenne-Nichols 2005] |(Guyennne,
2017 Vargas-Panayotaros, 2016 |
® Extendable to 3D-waves /Andrade-Nachbin 2019

® Extendable to high order variable depth |\/argas-FPanayoiaros, 2016
® Extendable to surface tension effects Kalish-Flod, 2019

® Local well-posedness Fci-\V\vang, 2019, Klen-Linares-Hlod-Saut, 20718

|

eValidity for modelqinng waves on shallow water (Carter, 2018

Remarkable properties of Whitham-

Boussinesq model

@®Numerical bifurcation and spectral stability Claassen-Jonnson 2019

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



Standard Boussinesg system

Sistema A
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Mt = —Ux — (nu)X7

= =T = STl [HurTao, 2018]
[Hur-Padey, 2019]
[Carter, 2018]
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H =5 [ (EDtnh(D)E +1(2.8)? +1?)ds

N = —3.,\- ( i ll) — (Ul.l)x,

D
Ur = —Tx — Ulky. [Aceves-Panayotaros, Wave Motion, 2014]
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DS-fitting Method
applied to

Weakly-Nonlinear
fwater waves models

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021
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(77 )t_ 'u+\677+1

0

u—+n+1

n+1 ( 7 ) Diagonal form

The hyperbolic system can be set in Riemann invariant form and this means that the

corresponding Riemann invariants and characteristics velocities are:

Ox
u+2y/n+1=R, on <I>

ot

ox
u—2v/n+1=RFR_ on (—l>
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Sistema A: Standard Boussinesq system

Vo R _ 1
wS,\-SremA(n’k) _ L_tk—l-k\/(l _|_n) (1 L §k2>

Sistema B: Boussinesq del Hamiltoniano

- 1) 1/2

wS}-’SiemB — ik k |1+ 7—:’ o § ke

Sistema C: Full-dispersion shallow water equations

™" = ik + /(147 )ktanhk.

Sistema D: Whitham-Boussineq System

tanh k L2
k

wS,\’ST@I‘nD — itk +k { | ,,:’
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The linear dispersion relation w(k) is real-valued

1.4
— Model A
1.2 1 \odel B
—— Model C
1r Model D
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0% '
0 0.5 1 1.5 2
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|

System A 1 132
dk_ awaﬁ B 2\/1—§k2+1—§k

dil v, — 25 ) [l L4
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3.1 Dispersion relation from a background state (7, @) associated with the weakly
non-linear models

e Dispersion relation for the Standard Boussinesq model

SBER) = 2AVF-Dk+ky a0 -5 (3.13)

(3.14)
where p = 7+ 1 And the conjugate dispersion relation is:
o®B(p,k) = —iwiP(p,ik) (3.15)
o = sy (k)2
= —i[2(v/p—1)(ik) + iky[ p(1 — 3 ] (3.16)

= 2(\/ﬁ—l)l~c+l~c\/ﬁ(1+%2) (3.17)
A AR R L

an v, a@S;;:emA - 2(1+7) 1+ 3k2—1— 3k
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- {11/
a)SyStemB:L—tk—l—k 1 | 1':, _k2

0 System B k2
dk waﬁ k (2\/ 1—35+1)
1= 0 wSystem B - = 2 9 9
an v, —2% Pt — 2 g — 2y 4 2
~System pag k2
gk 8(0‘3’1_, B B E (2\/14—3—5-!—1)
— 0 @SystemB - 0 k2 k2 k2
an v, — 28— Pl o — 2+ £ — S5
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0> — ik + /(1 4+ A )ktanhk.

dk  +ktanhk k—I—%\/ktanhk
dn I+7  Vktanhk— 4 tanhk — 3ksech®k

d_l~c  Vktank k+ 3Vktank
dmn I+ Vitank — §tank — Jksec?k
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Whitham-Boussineq Systemn

Sistema D

tanh k _} /2
-1

a)SystemD — itk +k { -

: VEE L+ LT
VI T ek g - Jumk Lsec?]
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Sistema A: Standard Boussinesq system

System A - 0 ~SystemA ~ 1% 152

dk_ aw&ﬁ B k 2\/1—%k2—|—1—%k2 dk waﬁ k 2\/1‘|‘§k2‘|‘1‘|—§k
= D SystemA - = HSystemA — - o >
di v, —2egrt 2(141) 1 _Le_ g4 2 an v, 20~ 20+7) 14l —1- 28

dk B v ktanhk

Sistema B: Boussinesq del Hamiltoniano

0 CD‘S""“ emB

- 2./1+ K
dk In - 2yt s+l

L
'(ﬁ — V d @SystemB /3 2 1 ,:‘2 ¢ 1 l:'2 21:2
Ly — o -+ 35 (L + 3_,—)) — 3

/.'2
(2¢/1— & +1)
k2 k2 242
2\ /1-5 —201-5£)+ %

Sistema C: Full-dispersion shallow water equations

| =

dk  Vktank k+ 3Vktank

k+ 1Vktanhk

.~ 1+17 Vktanhk — 3 tanhk — Sksech®k

dk k

an 147 Vktank — % tank — Thsec?k

Sistema D: Whitham-Boussineqg System

dk & vV ++3

35

dan :\/I—I-T_] m\/

tar;(hk +7 -7 — J@hk _ Leech?k

dn L+1 157 ﬂ#—ﬁ—ﬁ—%%—%seczk



Main findings

System A

System B

System C

System D

Velocities/ amplitudes of the Leading solitary
wave

Explicit ODE’s equations/ numerical solutions
using the second-order Runge—-Kutta method.

Explicit ODE’s equations/ numerical solutions
using the second-order Runge—-Kutta method.

Leading soliton wave
Amplitude/velocity relation

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021




»Boussinesq systems A and B and the Whitham-Boussinesq systems € and D

were solved numerically using the pseudospectral method of Fornberg and Whitham as
extended through the use of integrating factors to suppress high frequency instabilities.

» [hese pseudospectral methods use the fast Fourier transform (FFT) to calculate the

spatial derivatives, with the solution propagated forward in time using the second-order
Runge-Kutta scheme and Strang splitting method.

» n= 216 Fourier modes
» Time step dt=0.005

» [he initial condition smoothed using hyperbolic tangents is W=

X —%_
4%

1 X
i8] =85 —5(17_ —14) tanhW— tanh

yo
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fd
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o
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Fully nonlinear
water waves-undular bo

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



1 | | Spa::c + SOyy =0 (ﬁ:c),(,t))

2 m +Neps —y =0 y=nt)
3 (ot g2+ 4on=0 v=ne) |
4 g—iz() y = —ho + B(z)
_______ I
t >

h
>~ l_____ﬁ(”’)_t ___________ I i

Oy

BN 7 = Oy — NePz =

on
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Hamiltonian Formulation of the water waves problem

f (fG(ﬁ, )€+g77 )da

GBme §
ft=2<1+n><52 (6B = 20:8:G(8,mE)” — MG, 1)E) — gn

» In general there is not an explicit expression for it!
» This case gives rise to an explicit expression to de DN operator:

0

[G(0,0)] : ¢ —Dtanh(D)¢ \What is this object?
Where D is as usual the operator D = —i9,

E(x) — &(k) — wtanh(hor)E(k) > [, ktanh(hor)E(k)edr = [D tanh(hoD)]¢

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



Series Expansion of D-N operator

2
0= <1l e:hio small!
G(B,em)](§) =D _[Gn(B, )] (£)€"
n=0

. Coifman and Meyer (1985 )
Go(B,n) = Dtanh(hoD) + DL(B), Craig, Schanz and Sulem (1997)
Gi1(8,m) = DnD — GonGo, Craig and Sulem (2005)
GolBo) = E(G DD — D*n*Go — 2GonG ) Craig, Guyenne, Nicholls, Sulem (2005)

2\ My 9 0 0 0 1),

With D = —i0,

and L(B3) Involve pseudo-differential operators

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021



The numerical solutions of the water wave equations were found using the
Hamiltonian formulation and based on a pseudospectral method

v, = ¥v + NVv. where
{

(G — Go)& \
_f 0 G |
L = ( ) N = {g; — (G&)* - ZEXIIxGS}
-2 © - v .
2(1+ n2) /

Y= (’77 é)T

» [he system is solved using a split step method where the linear andd nonlinear
components are solved separately.

vi=%v, vi=Nv

» [he second order string splitting step method is then used for each time step.

vyl :JVggAtJVgVn
2 2
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»n= 215 Fourier modes
» Time step dt=0.01

» For the numerical solutions of the water wave equations, the domain lengths
10 000 or 11 000 were used.

» [he initial condition smoothed using hyperbolic tangents is

X — X—

1 X
i, 0) =5, —5(17_ — 1) tanhW— tanh

=
-—
(qo)
)
-
o
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Technical findings

» Three terms in series, up to Gy, provide sufficient accuracy for these
initial conditions.

» Forn= 2155 filtering the higher modes corresponding to
wavenumbers lying in the band [n/8,n/2] was adequate to suppress

numerical instability, particularly for higher initial jumps

» [here was some change in the solution as the smoothing width W

varied from 10 to 5. Furthermore, as W decreased from 5 to 2, there
was no change in the leading edge of the bore and negligible change
gt the trailing edge which was below the graphical accuracy of the
qures.

1 X X —x_
i8] =5 —5(17_ — 1) {tanhw— tanh W

New horizons in dispersive hydrodynamics, Isaac Newton Institute, 2021
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Figure shows that large smoothing width W=10 (red line) gives a greatly
truncated trailing edge in comparison with the sharper initial conditions
with W=2 (green dashed-line)and W=5/3 (blue-dotted line).
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Results
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Undular Bore evolution
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FIG. 4. Stable bore solutions of Boussinesq systems A (27) and B (28), the Whitham-Boussinesq systems C (29) and D (30) and the water wave equations (2)-(5) for
A = 0.15 at t=1700. (a) System A: pink (dotted-dashed) line; water wave equations: black (full) line with squares. (b) System B: blue (dotted) line, water wave equations:

black (full) line with squares. (c) System C: red (full) line; water wave equations: black (full) line with squares. (d) System D: green (dashed) line; water wave equations: black
(solid) line with squares. Intermediate level (43): thick blue line.
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» [Ne main difference between the water wave bore and the

Boussinesg and Whitham-Boussinesq bores is a phase
difference, with the water wave bore behind these weakly
nonlinear bores.

» All four weakly nonlinear systems give a good prediction
lor the location of the trailing edge of the water wave bore.

» [he trailing edge group velocity for Systems Aand B is

slightly lower than that for Systems Cand D, so that the trailing
edge position for Systems A and B corresponds to lower
amplitude waves of the water wave bore

» |1 was found that the numerical bore solution of the

water wave equations took an unrealistic amount of time to
reach a steady state
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» [he comparison starts at the jump height A = 0.1 as below this the all
systems give identical results to graphical accuracy.

A
&=
=
3
=
i
=
S
=

» Figure shows that there is excellent agreement between solutions of

the Whitham- Boussinesq systems and numerical solutions of the water
wave equations for the velocity of the leading edge of the bore. The maximum
difterence for System A being 0./% and Tor System B 0.4%.
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8 » The agreement between the solutions of the Boussinesq systems and the solution of

the water wave equations is not as good as for the leading edge velocity. But this is typical
Tor bore solutions of nonlinear dispersive wave equations.

0.4 -
(b)  SystemA - » The amplitude as
0-35 ¢ System B - 1 given by the
v 03l System C —— Whitham-Boussinesq
=2 | Svsterm D systems grows much
= 0.5 | Y more rapidly as the
= ) jump height A\
= 0ol increases toward the
L= onset of instability
= 0.15 | around.
S
— 0.1
0.05

0.1 0.12 0.14 0.16 0.18 0.2 0.22 0.24 0.26 0.28 0.3
A

» [he comparison shows that the amplitude of the bore as given by the water wave equations

lies between the amplitude as given by the Boussinesq and Whitham-Boussinesq
systems, but is closer to the amplitude given by the Whitham-Boussinesq systems.
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Modulation

; |“5tab|||ty The original motivation for the

introduction of Whitham-type
equations was that the inclusion
of the full linear dispersion relation
introduces short wave effects
which are not present in
equations on systems A and B
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FIG. 5. Solutions of Whitham-Boussinesq systems C (29) and D (30) and the water wave equations (2)-(5). (a) System C: red (full) line at t— 1800 for A = 0.303, (b)
System C: red (full) line at t=1400 for A = 0.315, (c) System D: green (dashed) line at t= 1700 for A = 0.315, (d) System D: green (dashed) line at t= 1700 for A = 0.32,
(e) water wave equations: black (solid) line at t=2200 for A = 0.36, and (f) water wave equations: black (solid) line at t =2400 for A = 0.37. Intermediate level (43): thick
blue line.
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Sistema D: Whitham-Boussineq System
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FIG. 5. Solutions of Whitham-Boussinesq systems C (29) and D (30) and the water wave equations (2)-(5). (a) System C: red (full) line at t= 1800 for A = 0.303, (b)
System C: red (full) line at t = 1400 for A = 0.315, (c) System D: green (dashed) line at t = 1700 for A = 0.315, (d) System D: green (dashed) line at t = 1700 for A = 0.32,
(e) water wave equations: black (solid) line at t= 2200 for A = 0.36, and (f) water wave equations: black (solid) line at = 2400 for A = 0.37. Intermediate level (43): thick
blue line.
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Fully non-linear water waves equations
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FIG. 5. Solutions of Whitham-Boussinesq systems C (29) and D (30) and the water wave equations (2)-(5). (a) System C: red (full) line at t= 1800 for A = 0.303, (b)

System C: red (full) line at t = 1400 for A = 0.315, (c) System D: green (dashed) line at t = 1700 for A = 0.315, (d) System D: green (dashed) line at t = 1700 for A = 0.32,
(e) water wave equations: black (solid) line at t = 2200 for A = 0.36, and (f) water wave equations: black (solid) line at = 2400 for A = 0.37. Intermediate level (43): thick
blue line.
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Summary

» We measured the macroscopic quantities of the the typical undular
bores arising in four weakly nonlinear water wave models using the DS-

fitting method varying the initial condition jum

0 from 0to ~0.3

» \We integrate numerically the water wave unc

ular bores using the

Hamiltonian formulation of the water wave problem and we measured
the macroscopic quantities for these bores the initial condition jump

fromQto ~0.3

» We compared the leading solitary wave amplitudes and velocities
of the four weakly nonlinear models and the free surface Euler

equations.

» We found numerically the onset of the Modulation instability for the
Whitham-Boussinesq type system and for the water wave equations.
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Further Research
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DSW en modelo W-B con tensién superficial
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