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▶  Geophysical phenomena that involves DSW 

▶  Anatomy of a DSW of KdV-type and the Dispersive Shock 
Fitting Method  applied to four weakly nonlinear water  waves 
models for the description of the macroscopic properties on 
these Bores. 
 
▶  Fully nonlinear water waves - undular bores  

▶ Results (The analytical and numerical findings to stablish 
some results on the applicability for describing oceanic events 
and on the agreement of the DS-fitting method relative to the 
fully  non-linear water wave models. ) 
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Geophysical phenomena  
that involves DSW.
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Dispersive Shock Waves are everywhere!
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[El-Hoefer, 2016] [An, PhD Thesis, 2018] Copyright Scott Dickerson
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1. Morning glory roll cloud. 2. Atmospheric gravity waves moving southward off the Texas coast and out over the western Golf of Mexico 3. Three standing 
paddle board riders on a river undular bore in Turnagain Arm, Alaska. 4. Tsunami-like waves hitting North Beach in Koh Pu Thailand 2004 6. Internal 
Solitary Waves. Even the eye at sea level can detect the induced surface-wave changes as rough and smooth regions. In the Sulu sea between Philippines and 
Malaysia. 7. Lee wave from the northeast peak of Georges Bank out into Georges Basin seen with echo sounder de 200 kHz.

[An, PhD Thesis, 2018] 

[Wiebe- Irish- Beardsley-Stanton,2000]
[Copyright Anders Grawin, 2004] 
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Dispersive Shock Waves play an important role in oceanic 
events!

▶  coastal tsunami propagation 

▶  Internal ocean transport 

▶  Equilibrium of costal ecosystems 
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In-situ observations of internal solitons can be made using almost any ocean instrumentation capable of recording current, 

An Atlas of Oceanic Internal Waves and Solitons  (May 2002) by Global Ocean AssociatesPrepared for Office of Naval Research – Code 322 
PO5F  Pulished in :   doi=10.1.1.737.631&rep=rep1&type=pdf

 The vast majority are satellite images!

https://citeseerx.ist.psu.edu/viewdoc/download
https://citeseerx.ist.psu.edu/viewdoc/download
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Complete global topographic and bathymetric coverage

Credit:NOAA: Amante, C. y B. W. Eakins, ETOPO1 1 Arc-Minute Global Relief Model: Procedures, Data Sources and Analysis. 
NOAA Technical Memorandum NESDIS NGDC-24, 19 pp, marzo de 2009.

1. Different Stratification in the ocean

Credit :Magda Carr  Talk[Vieira-Allshouse, 2020]

Depths of closure dc along the global coastline using 
formulation y Nicholls et al (1998)

Complex Physical settings that can perturb DSW

26 Major Straits in the world

https://www.jagranjosh.com/
general-knowledge/list-of-the-
major-straits-of-the-
world-1495794208-1



Rosa María Vargas Magaña 28 de Octubre de 2020,  Departamento de Oceanografía Física CICESE
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🌊 Gran desarrollo tecnológico en la instrumentación de medición in situ y en 
laboratorio de estos fenómenos.  

🌊 Enorme capacidad de cómputo y el diseño de esquemas numéricos que preservan 
propiedades estructurales de las ecuaciones que ha permitido integrar numéricamente 
las ecuaciones por tiempos prolongados. 

🌊 Se han registrado y documentado los efectos no lineales de la combinación de la 
dispersión de las ondas y la topografía y las fuerzas de restauración que se manifiestan 
ante  la propagación de ondas por periodos prolongados del tiempo. 

🌊 Se han observado numéricamente ondas coherentes estables e inestables y 
los efectos de radiación, resonancia, disipación, vorticidad, enfoque y 
desenfoque de las ondas, tren de ondas periódicos, frentes de ondas etc.
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▶  DSW are of Interdisciplinary interest 

 

▶ Simpler models that captures with loyalty relevant physical situations 
can lead us to the discovery of structural properties, and in particular for 
DSW can give us some insights one the long time evolution of these 
waves under complex physical settings.
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▶  A generic type of wave phenomenon arising as solutions of nonlinear 
dispersive wave equations. 
▶  They are of multiscale nature. 
▶ They are transient solutions. 

DS
W

 a
re

 :

DSW is an expanding, slowly-modulated wave form, with a linear wave-train at one end 
and a solitary wave at the other.



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

Macroscopic Properties of a DSW

It consists of two edges the trailing edge and leading edge propagating with different speeds 
with a modulated dispersive wavetrain between these. The two distinct speeds of propagation 
correspond to two limits, the harmonic (linear) wave limit where the wave amplitude is small and the 
solitary wave limit where the wavenumber is small

Anatomy of a DSW of KdV-type
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Anatomy of a DSW

This is a typical undular bore solutions of these four Boussinesq systems. This corresponds 
with the Whitham-Boussinesq-Hamiltonian, for the initial condition (cyan dashed line).

η-

η+

[Marchant -Smyth-Vargas-Magaña, 2021] 
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Current Methods to determine analytically  
the macroscopic DSW properties.

▸   Nonlinear wave modulation theory: To obtain the full undular bore 

solution of a nonlinear, dispersive wave equation, the Whitham modulation equations for 
this equation need to be known. 

 
▸  Dispersive Shock Fitting Method introduced by G. El and 
collaborators in 2005
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1- The nonlinear, dispersive equations must satisfy  
the following conditions: 

(i)  It supports periodic travelling-wave solutions, parameterized by three 
independent variables.  
(ii) It possesses at least two conservation laws. 
(iii)  It admits a dispersionless (hydraulic) limit obtained by introducing the slow 
variables. 
(amplitude, wave number, phase wave ) 
(iv) The linear dispersion relation ω(k) is real-valued. 

And  

 For Dispersive Shock-Fitting method to be applied 
 we need to check: 

kinematic boundary condition (2.7b) and equation (2.19).
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Representation of the modulation system , obtained by averaging 
two  conservation laws and wave conservation

Ut +A(U)Ux = 0
<latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="7P24dpJEGh4ggL7xu7l80m5ciMo=">AAACEXicbVDJTgJBFOxxRdxQj146ggnGhMxw0YsJ6sUjJrIkQEhP8wY69CzpfmMgE75Cf0ZPRr3pD/g3NkgignWqrqpOXpUbSaHRtr+speWV1bX11EZ6c2t7Zzezt1/VYaw4VHgoQ1V3mQYpAqigQAn1SAHzXQk1t3899mv3oLQIgzscRtDyWTcQnuAMjdTOFHJNhAG6XlIZtZGe0sv8r3BCZ8wBvbBz7UzWLtgT0EXiTEmWTFFuZz6bnZDHPgTIJdO64dgRthKmUHAJo3Qz1hAx3mddaBgaMB90K5n0GtFjL1QUe0An79lswnyth75rMj7Dnp73xuJ/XiNG77yViCCKEQJuIsbzYkkxpON5aEco4CiHhjCuhLmS8h5TjKMZMW3qO/NlF0m1WHAMvy1mS1fTIVLkkByRPHHIGSmRG1ImFcLJI3kmb+TderCerBfr9Se6ZE3/HJA/sD6+AdgdnEg=</latexit>

U(x, t) = (ū, k, ̃)T
<latexit sha1_base64="JI7r8h702QEZBe9sl+7dJncwhx8="></latexit><latexit sha1_base64="JI7r8h702QEZBe9sl+7dJncwhx8="></latexit><latexit sha1_base64="JI7r8h702QEZBe9sl+7dJncwhx8="></latexit><latexit sha1_base64="JI7r8h702QEZBe9sl+7dJncwhx8="></latexit><latexit sha1_base64="GSBMfKs74bS0705kOh0K13P4PEA=">AAACG3icbZDLSgNBEEV7fMb4irp00xiFCEFm3OhGEN24VDAqZGKo6dSYJj0PumvEMMyn6M/oSqI7F/6NnRjBV61O170NdW+QKmnIdd+dicmp6ZnZ0lx5fmFxabmysnphkkwLbIhEJfoqAINKxtggSQqvUo0QBQovg97xUL+8RW1kEp9TP8VWBDexDKUAsqt2ZX/TJ7yjIMwbRe0L74o6bR/U/AB0nhV13qv7JFUHc78HaQrF9vX5ZrtSdXfc0fC/4I2hysZz2q4M/E4isghjEgqMaXpuSq0cNEmhsCj7mcEURA9usGkxhghNKx8lLPhWmGhOXeSj93dvDpEx/Siwngioa35rw+V/WjOjcL+VyzjNCGNhLVYLM8Up4cOieEdqFKT6FkBoaa/kogsaBNk6yza+9zvsX7jY3fEsn+1WD4/GRZTYOttgNeaxPXbITtgpazDBHtgTe2Gvzr3z6Dw7g0/rhDP+s8Z+jPP2ActboSY=</latexit>

A(U)
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Is the Jacobian Matrix

kt + !x = 0
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(v) Is strictly hyperbolic.  
Hyperbolicity cannot be checked without directly solving the Whitham 
system so this condition should be verified by, for example, comparison 
of theoretical results with numerical simulations. 

(v) The Whitham system is genuinely nonlinear.

1- The Whitham system must satisfy the following conditions:
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Ut +A(U)Ux = 0
<latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="7P24dpJEGh4ggL7xu7l80m5ciMo=">AAACEXicbVDJTgJBFOxxRdxQj146ggnGhMxw0YsJ6sUjJrIkQEhP8wY69CzpfmMgE75Cf0ZPRr3pD/g3NkgignWqrqpOXpUbSaHRtr+speWV1bX11EZ6c2t7Zzezt1/VYaw4VHgoQ1V3mQYpAqigQAn1SAHzXQk1t3899mv3oLQIgzscRtDyWTcQnuAMjdTOFHJNhAG6XlIZtZGe0sv8r3BCZ8wBvbBz7UzWLtgT0EXiTEmWTFFuZz6bnZDHPgTIJdO64dgRthKmUHAJo3Qz1hAx3mddaBgaMB90K5n0GtFjL1QUe0An79lswnyth75rMj7Dnp73xuJ/XiNG77yViCCKEQJuIsbzYkkxpON5aEco4CiHhjCuhLmS8h5TjKMZMW3qO/NlF0m1WHAMvy1mS1fTIVLkkByRPHHIGSmRG1ImFcLJI3kmb+TderCerBfr9Se6ZE3/HJA/sD6+AdgdnEg=</latexit>

In the harmonic limit In the soliton limit k̃ = 0
<latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="8bz2mZU0yQVRW0orjA5v9BvIyCo=">AAAB7nicbZDLTgJBEEVr8IX4Ql26mQgmrsgMG92YEN24xEQeCUxIT1MDHXoedteYkAm/oSuj7vwYf8C/scFZKHhXp+veTuqWn0ihyXG+rMLa+sbmVnG7tLO7t39QPjxq6zhVHFs8lrHq+kyjFBG2SJDEbqKQhb7Ejj+5mfudR1RaxNE9TRP0QjaKRCA4IzPyqn0ScojZZHblVAflilNzFrJXwc2hArmag/JnfxjzNMSIuGRa91wnIS9jigSXOCv1U40J4xM2wp7BiIWovWyx9Mw+C2Jl0xjtxft3NmOh1tPQN5mQ0Vgve/Phf14vpeDSy0SUpIQRNxHjBam0Kbbn3e2hUMhJTg0wroTZ0uZjphgnc6GSqe8ul12Fdr3mGr6rVxrX+SGKcAKncA4uXEADbqEJLeDwAM/wBu9WYj1ZL9brT7Rg5X+O4Y+sj2+/bo8V</latexit>

k = 0
<latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="HfD7b/CjQ77o9va+ko+HHSSi4bY=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG9yYEN24xMQCCTRkOtzSCdOfzExNSMMr6MqoOx/IF/BtHLALBc/qm3vOJPdcPxVcadv+skobm1vbO+Xdyt7+weFR9fikq5JMMnRZIhLZ96lCwWN0NdcC+6lEGvkCe/70duH3HlEqnsQPepaiF9FJzAPOqDYjtz69tuujas1u2EuRdXAKqEGhzqj6ORwnLIsw1kxQpQaOnWovp1JzJnBeGWYKU8qmdIIDgzGNUHn5ctk5uQgSSXSIZPn+nc1ppNQs8k0mojpUq95i+J83yHRw5eU8TjONMTMR4wWZIDohi85kzCUyLWYGKJPcbElYSCVl2lymYuo7q2XXodtsOIbvm7X2TXGIMpzBOVyCAy1owx10wAUGHJ7hDd6t0HqyXqzXn2jJKv6cwh9ZH99raItf</latexit>

k̃ = 0

ūt + V (ū)ūx = 0

t + !0(, ū)x = 0
<latexit sha1_base64="3+Xp4dxPCe6+jxNmN5WMo5JrV9o="></latexit><latexit sha1_base64="3+Xp4dxPCe6+jxNmN5WMo5JrV9o="></latexit><latexit sha1_base64="3+Xp4dxPCe6+jxNmN5WMo5JrV9o="></latexit><latexit sha1_base64="3+Xp4dxPCe6+jxNmN5WMo5JrV9o="></latexit><latexit sha1_base64="FOaunQaINLMA0Go7Fq55rA3MjkM="></latexit>

⇤ = k
k̃

<latexit sha1_base64="rQ6m1o/wH5VYXtcHcPkw5NWA55A=">AAACAXicbZC7SgNBFIbPxluMt3jpBBlMBKuwm0YbIWhjYRHBXCAbwuzkbDJk9sLMrBCWVPoyWona+Qq+gG/jZJNCo6f65vz/wPl/LxZcadv+snJLyyura/n1wsbm1vZOcXevqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmjq6neukepeBTe6XGM3YAOQu5zRrVZ9YpHZffGuPuUXLi+pCwdTVJXc9FHQ5Nyr1iyK3Y25C84cyjVDiCbeq/46fYjlgQYaiaoUh3HjnU3pVJzJnBScBOFMWUjOsCOwZAGqLpplmNCTvxIEj1Ekr1/elMaKDUOPOMJqB6qRW26/E/rJNo/76Y8jBONITMWo/mJIDoi0zpIn0tkWowNUCa5uZKwITVFaFNawcR3FsP+hWa14hi+rZZql7MeIA+HcAyn4MAZ1OAa6tAABo/wDG/wbj1YT9aL9Tqz5qz5n334NdbHN+BylyQ=</latexit><latexit sha1_base64="rQ6m1o/wH5VYXtcHcPkw5NWA55A=">AAACAXicbZC7SgNBFIbPxluMt3jpBBlMBKuwm0YbIWhjYRHBXCAbwuzkbDJk9sLMrBCWVPoyWona+Qq+gG/jZJNCo6f65vz/wPl/LxZcadv+snJLyyura/n1wsbm1vZOcXevqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmjq6neukepeBTe6XGM3YAOQu5zRrVZ9YpHZffGuPuUXLi+pCwdTVJXc9FHQ5Nyr1iyK3Y25C84cyjVDiCbeq/46fYjlgQYaiaoUh3HjnU3pVJzJnBScBOFMWUjOsCOwZAGqLpplmNCTvxIEj1Ekr1/elMaKDUOPOMJqB6qRW26/E/rJNo/76Y8jBONITMWo/mJIDoi0zpIn0tkWowNUCa5uZKwITVFaFNawcR3FsP+hWa14hi+rZZql7MeIA+HcAyn4MAZ1OAa6tAABo/wDG/wbj1YT9aL9Tqz5qz5n334NdbHN+BylyQ=</latexit><latexit sha1_base64="rQ6m1o/wH5VYXtcHcPkw5NWA55A=">AAACAXicbZC7SgNBFIbPxluMt3jpBBlMBKuwm0YbIWhjYRHBXCAbwuzkbDJk9sLMrBCWVPoyWona+Qq+gG/jZJNCo6f65vz/wPl/LxZcadv+snJLyyura/n1wsbm1vZOcXevqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmjq6neukepeBTe6XGM3YAOQu5zRrVZ9YpHZffGuPuUXLi+pCwdTVJXc9FHQ5Nyr1iyK3Y25C84cyjVDiCbeq/46fYjlgQYaiaoUh3HjnU3pVJzJnBScBOFMWUjOsCOwZAGqLpplmNCTvxIEj1Ekr1/elMaKDUOPOMJqB6qRW26/E/rJNo/76Y8jBONITMWo/mJIDoi0zpIn0tkWowNUCa5uZKwITVFaFNawcR3FsP+hWa14hi+rZZql7MeIA+HcAyn4MAZ1OAa6tAABo/wDG/wbj1YT9aL9Tqz5qz5n334NdbHN+BylyQ=</latexit><latexit sha1_base64="rQ6m1o/wH5VYXtcHcPkw5NWA55A=">AAACAXicbZC7SgNBFIbPxluMt3jpBBlMBKuwm0YbIWhjYRHBXCAbwuzkbDJk9sLMrBCWVPoyWona+Qq+gG/jZJNCo6f65vz/wPl/LxZcadv+snJLyyura/n1wsbm1vZOcXevqaJEMmywSESy7VGFgofY0FwLbMcSaeAJbHmjq6neukepeBTe6XGM3YAOQu5zRrVZ9YpHZffGuPuUXLi+pCwdTVJXc9FHQ5Nyr1iyK3Y25C84cyjVDiCbeq/46fYjlgQYaiaoUh3HjnU3pVJzJnBScBOFMWUjOsCOwZAGqLpplmNCTvxIEj1Ekr1/elMaKDUOPOMJqB6qRW26/E/rJNo/76Y8jBONITMWo/mJIDoi0zpIn0tkWowNUCa5uZKwITVFaFNawcR3FsP+hWa14hi+rZZql7MeIA+HcAyn4MAZ1OAa6tAABo/wDG/wbj1YT9aL9Tqz5qz5n334NdbHN+BylyQ=</latexit><latexit sha1_base64="rSgGvqpIw8RcprQ/qD8Soztn67o=">AAACAXicbZC7SgNBFIbPeo3xtmopyGAiWIXdNNoIQRsLiwjmAtklzE7OJkNmL8zMCmFJpS+jlaidr+AL+DZOYgpNPNU35/8Hzv8HqeBKO86XtbS8srq2Xtgobm5t7+zae/tNlWSSYYMlIpHtgCoUPMaG5lpgO5VIo0BgKxheTfTWPUrFk/hOj1L0I9qPecgZ1WbVtY/K3o1x9yi58EJJWT4c557mooeGxuWuXXIqznTIIrgzKMFs6l370+slLIsw1kxQpTquk2o/p1JzJnBc9DKFKWVD2seOwZhGqPx8mmNMTsJEEj1AMn3/9uY0UmoUBcYTUT1Q89pk+Z/WyXR47uc8TjONMTMWo4WZIDohkzpIj0tkWowMUCa5uZKwATVFaFNa0cR358MuQrNacQ3fVku1y1kRBTiEYzgFF86gBtdQhwYweIRneIN368F6sl6s1x/rkjX7cwB/xvr4BnBOltA=</latexit>

Degenerate form of the Whitham modulation system 
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Matching Ordinary Differential equations

Ut +A(U)Ux = 0
<latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="241M+8W/GimiNYWBqCnWLYzBY6I=">AAACEXicbVDJSgNBFHzjGuMWl5uXxigoQpjJRS9C1IvHCMYEkhB62jemsWeh+40kDPkK/Rk9iXrTH/Bv7CSCa52qq6rhVfmJkoZc992ZmJyanpnNzeXnFxaXlgsrqxcmTrXAmohVrBs+N6hkhDWSpLCRaOShr7DuX58M/foNaiPj6Jz6CbZDfhXJQApOVuoUSlstwh75QVYbdIjtsaOdL2GXfTN77NDd6hSKbskdgf0l3icpVtZhhGqn8Na6jEUaYkRCcWOanptQO+OapFA4yLdSgwkX1/wKm5ZGPETTzka9Bmw7iDWjLrLR+3s246Ex/dC3mZBT1/z2huJ/XjOl4KCdyShJCSNhI9YLUsUoZsN52KXUKEj1LeFCS3slE12uuSA7Yt7W936X/UsuyiXP8rNysXI83gFysAGbsAMe7EMFTqEKNRBwBw/wDC/OrXPvPDpP4+iE8/lnDX7Aef0ASFCcnA==</latexit><latexit sha1_base64="7P24dpJEGh4ggL7xu7l80m5ciMo=">AAACEXicbVDJTgJBFOxxRdxQj146ggnGhMxw0YsJ6sUjJrIkQEhP8wY69CzpfmMgE75Cf0ZPRr3pD/g3NkgignWqrqpOXpUbSaHRtr+speWV1bX11EZ6c2t7Zzezt1/VYaw4VHgoQ1V3mQYpAqigQAn1SAHzXQk1t3899mv3oLQIgzscRtDyWTcQnuAMjdTOFHJNhAG6XlIZtZGe0sv8r3BCZ8wBvbBz7UzWLtgT0EXiTEmWTFFuZz6bnZDHPgTIJdO64dgRthKmUHAJo3Qz1hAx3mddaBgaMB90K5n0GtFjL1QUe0An79lswnyth75rMj7Dnp73xuJ/XiNG77yViCCKEQJuIsbzYkkxpON5aEco4CiHhjCuhLmS8h5TjKMZMW3qO/NlF0m1WHAMvy1mS1fTIVLkkByRPHHIGSmRG1ImFcLJI3kmb+TderCerBfr9Se6ZE3/HJA/sD6+AdgdnEg=</latexit>

In the harmonic limit In the soliton limit k̃ = 0
<latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="YdvH2YaG4G3HAG2MO1rspZOyl6Q=">AAAB7nicbZDLTgJBEEVr8IX4wsfOzUQwcUVm2OjGhOjGJSbySGBCepoCOvQ87K4xIRN+Q1dG3fkx/oB/YzOwUPCuTte9ndQtP5ZCk+N8W7m19Y3Nrfx2YWd3b/+geHjU1FGiODZ4JCPV9plGKUJskCCJ7VghC3yJLX98O/NbT6i0iMIHmsToBWwYioHgjMzIK3dJyD6m4+m1U+4VS07FyWSvgruAUu0EMtV7xa9uP+JJgCFxybTuuE5MXsoUCS5xWugmGmPGx2yIHYMhC1B7abb01D4fRMqmEdrZ+3c2ZYHWk8A3mYDRSC97s+F/XiehwZWXijBOCENuIsYbJNKmyJ51t/tCISc5McC4EmZLm4+YYpzMhQqmvrtcdhWa1Ypr+L5aqt3M7wB5OIUzuAAXLqEGd1CHBnB4hBd4hw8rtp6tV+ttHs1Ziz/H8EfW5w8voY9p</latexit><latexit sha1_base64="8bz2mZU0yQVRW0orjA5v9BvIyCo=">AAAB7nicbZDLTgJBEEVr8IX4Ql26mQgmrsgMG92YEN24xEQeCUxIT1MDHXoedteYkAm/oSuj7vwYf8C/scFZKHhXp+veTuqWn0ihyXG+rMLa+sbmVnG7tLO7t39QPjxq6zhVHFs8lrHq+kyjFBG2SJDEbqKQhb7Ejj+5mfudR1RaxNE9TRP0QjaKRCA4IzPyqn0ScojZZHblVAflilNzFrJXwc2hArmag/JnfxjzNMSIuGRa91wnIS9jigSXOCv1U40J4xM2wp7BiIWovWyx9Mw+C2Jl0xjtxft3NmOh1tPQN5mQ0Vgve/Phf14vpeDSy0SUpIQRNxHjBam0Kbbn3e2hUMhJTg0wroTZ0uZjphgnc6GSqe8ul12Fdr3mGr6rVxrX+SGKcAKncA4uXEADbqEJLeDwAM/wBu9WYj1ZL9brT7Rg5X+O4Y+sj2+/bo8V</latexit>

k = 0
<latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="mWhrpvpGDY9gz9jyFIkTK7Alpl0=">AAAB5nicbZDLTsJAFIZPvSLe8LJzMxFMXJGWjW5MiG5cYmKBBBoyHU7phOklM1MT0vAKujLqzgfyBXwbh8JCwX/1zfn/Sc5//FRwpW3721pb39jc2i7tlHf39g8OK0fHbZVkkqHLEpHIrk8VCh6jq7kW2E0l0sgX2PHHdzO/84RS8SR+1JMUvYiOYh5wRrUZubXxjV0bVKp23S5EVsFZQLV5CoVag8pXf5iwLMJYM0GV6jl2qr2cSs2ZwGm5nylMKRvTEfYMxjRC5eXFslNyESSS6BBJ8f6dzWmk1CTyTSaiOlTL3mz4n9fLdHDt5TxOM40xMxHjBZkgOiGzzmTIJTItJgYok9xsSVhIJWXaXKZs6jvLZVeh3ag7hh8a1ebt/A5QgjM4h0tw4AqacA8tcIEBhxd4hw8rtJ6tV+ttHl2zFn9O4I+szx/bjIuz</latexit><latexit sha1_base64="HfD7b/CjQ77o9va+ko+HHSSi4bY=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiKYuCItG9yYEN24xMQCCTRkOtzSCdOfzExNSMMr6MqoOx/IF/BtHLALBc/qm3vOJPdcPxVcadv+skobm1vbO+Xdyt7+weFR9fikq5JMMnRZIhLZ96lCwWN0NdcC+6lEGvkCe/70duH3HlEqnsQPepaiF9FJzAPOqDYjtz69tuujas1u2EuRdXAKqEGhzqj6ORwnLIsw1kxQpQaOnWovp1JzJnBeGWYKU8qmdIIDgzGNUHn5ctk5uQgSSXSIZPn+nc1ppNQs8k0mojpUq95i+J83yHRw5eU8TjONMTMR4wWZIDohi85kzCUyLWYGKJPcbElYSCVl2lymYuo7q2XXodtsOIbvm7X2TXGIMpzBOVyCAy1owx10wAUGHJ7hDd6t0HqyXqzXn2jJKv6cwh9ZH99raItf</latexit>

dk
dū = @!0/@ū

V (ū)�@!0/@k
<latexit sha1_base64="OdKcZMDTGOTwgGQqDoKw3ccJEKA="></latexit><latexit sha1_base64="OdKcZMDTGOTwgGQqDoKw3ccJEKA="></latexit><latexit sha1_base64="OdKcZMDTGOTwgGQqDoKw3ccJEKA="></latexit><latexit sha1_base64="OdKcZMDTGOTwgGQqDoKw3ccJEKA="></latexit><latexit sha1_base64="uugKH0qRyLjDLzlSN0Zh6bXpr48="></latexit>

dk̃
dū = @!̃0/@ū

V (ū)�@!̃0/@k
<latexit sha1_base64="AoIbm6eLA9NG956P0a7r3+mB2UI="></latexit><latexit sha1_base64="AoIbm6eLA9NG956P0a7r3+mB2UI="></latexit><latexit sha1_base64="AoIbm6eLA9NG956P0a7r3+mB2UI="></latexit><latexit sha1_base64="AoIbm6eLA9NG956P0a7r3+mB2UI="></latexit><latexit sha1_base64="eLhJT95gBGnNAorEE0Bfv5PRzZc="></latexit>

k̃(uh) = 0
<latexit sha1_base64="IzmXTcO9g7jrijb7qsjCigLpZP4=">AAAB9nicbZC7TgJBFIbPekW8rWJnMxFMsCG7NNqYEG0sMZFLAoTMDmfZCbOXzMwayYZX0cqonQ/iC/g2DpdCwb/65vz/JOf8XiK40o7zba2tb2xubed28rt7+weH9tFxU8WpZNhgsYhl26MKBY+wobkW2E4k0tAT2PJGt1O/9YhS8Th60OMEeyEdRtznjGoz6tuFUldzMcBsNCmn/eCCXDulvl10Ks5MZBXcBRRrJzBTvW9/dQcxS0OMNBNUqY7rJLqXUak5EzjJd1OFCWUjOsSOwYiGqHrZbPkJOfdjSXSAZPb+nc1oqNQ49EwmpDpQy950+J/XSbV/1ct4lKQaI2YixvNTQXRMph2QAZfItBgboExysyVhAZWUadNU3pzvLh+7Cs1qxTV8Xy3WbuY9QA5O4QzK4MIl1OAO6tAABmN4gXf4sJ6sZ+vVeptH16zFnwL8kfX5AybTkYM=</latexit><latexit sha1_base64="IzmXTcO9g7jrijb7qsjCigLpZP4=">AAAB9nicbZC7TgJBFIbPekW8rWJnMxFMsCG7NNqYEG0sMZFLAoTMDmfZCbOXzMwayYZX0cqonQ/iC/g2DpdCwb/65vz/JOf8XiK40o7zba2tb2xubed28rt7+weH9tFxU8WpZNhgsYhl26MKBY+wobkW2E4k0tAT2PJGt1O/9YhS8Th60OMEeyEdRtznjGoz6tuFUldzMcBsNCmn/eCCXDulvl10Ks5MZBXcBRRrJzBTvW9/dQcxS0OMNBNUqY7rJLqXUak5EzjJd1OFCWUjOsSOwYiGqHrZbPkJOfdjSXSAZPb+nc1oqNQ49EwmpDpQy950+J/XSbV/1ct4lKQaI2YixvNTQXRMph2QAZfItBgboExysyVhAZWUadNU3pzvLh+7Cs1qxTV8Xy3WbuY9QA5O4QzK4MIl1OAO6tAABmN4gXf4sJ6sZ+vVeptH16zFnwL8kfX5AybTkYM=</latexit><latexit sha1_base64="IzmXTcO9g7jrijb7qsjCigLpZP4=">AAAB9nicbZC7TgJBFIbPekW8rWJnMxFMsCG7NNqYEG0sMZFLAoTMDmfZCbOXzMwayYZX0cqonQ/iC/g2DpdCwb/65vz/JOf8XiK40o7zba2tb2xubed28rt7+weH9tFxU8WpZNhgsYhl26MKBY+wobkW2E4k0tAT2PJGt1O/9YhS8Th60OMEeyEdRtznjGoz6tuFUldzMcBsNCmn/eCCXDulvl10Ks5MZBXcBRRrJzBTvW9/dQcxS0OMNBNUqY7rJLqXUak5EzjJd1OFCWUjOsSOwYiGqHrZbPkJOfdjSXSAZPb+nc1oqNQ49EwmpDpQy950+J/XSbV/1ct4lKQaI2YixvNTQXRMph2QAZfItBgboExysyVhAZWUadNU3pzvLh+7Cs1qxTV8Xy3WbuY9QA5O4QzK4MIl1OAO6tAABmN4gXf4sJ6sZ+vVeptH16zFnwL8kfX5AybTkYM=</latexit><latexit sha1_base64="IzmXTcO9g7jrijb7qsjCigLpZP4=">AAAB9nicbZC7TgJBFIbPekW8rWJnMxFMsCG7NNqYEG0sMZFLAoTMDmfZCbOXzMwayYZX0cqonQ/iC/g2DpdCwb/65vz/JOf8XiK40o7zba2tb2xubed28rt7+weH9tFxU8WpZNhgsYhl26MKBY+wobkW2E4k0tAT2PJGt1O/9YhS8Th60OMEeyEdRtznjGoz6tuFUldzMcBsNCmn/eCCXDulvl10Ks5MZBXcBRRrJzBTvW9/dQcxS0OMNBNUqY7rJLqXUak5EzjJd1OFCWUjOsSOwYiGqHrZbPkJOfdjSXSAZPb+nc1oqNQ49EwmpDpQy950+J/XSbV/1ct4lKQaI2YixvNTQXRMph2QAZfItBgboExysyVhAZWUadNU3pzvLh+7Cs1qxTV8Xy3WbuY9QA5O4QzK4MIl1OAO6tAABmN4gXf4sJ6sZ+vVeptH16zFnwL8kfX5AybTkYM=</latexit><latexit sha1_base64="Ybh7csxOLL40SQrkIg1IJ0TVBuo=">AAAB9nicbZC9TgJBFIVn8Q/xD6W0mQgm2JBdGm1MiDaWmAiSwIbMDhd2wuxPZu4aNxteRSujdj6IL+DbOOAWCp7qm3vOJPceL5ZCo21/WYW19Y3NreJ2aWd3b/+gfHjU1VGiOHR4JCPV85gGKULooEAJvVgBCzwJ9970eu7fP4DSIgrvMI3BDdgkFGPBGZrRsFypDVDIEWTTWT0Z+mf00q4Ny1W7YS9EV8HJoUpytYflz8Eo4kkAIXLJtO47doxuxhQKLmFWGiQaYsanbAJ9gyELQLvZYvkZPR1HiqIPdPH+nc1YoHUaeCYTMPT1sjcf/uf1ExxfuJkI4wQh5CZivHEiKUZ03gEdCQUcZWqAcSXMlpT7TDGOpqmSOd9ZPnYVus2GY/i2WW1d5UUUyTE5IXXikHPSIjekTTqEk5Q8kzfybj1aT9aL9foTLVj5nwr5I+vjG7agkS8=</latexit>
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The equation for the 
wavenumber𝑘=𝑘(𝑢)
at the trailing edge  of the DSW is
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       ▶  Leading edge solitary amplitude 
       ▶  Leading edge solitary velocity 
     ▶   Trailing edge harmonic wave number  

▶   Intermediate amplitude. 
      Threshold of “Benjamin-Feir instability” 

 In this work, using DS-Fitting Method we are reporting:

• Sistema A: Standard Boussinesq system  

• Sistema B: Boussinesq-Hamiltonian system  

• Sistema C: Full-dispersion shallow water equations  

• Sistema D: Whitham-Boussinesq System 

For the four Boussinesq systems studied in this work:
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Weakly-Nonlinear 

water  waves models.

⇡
<latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="kMCuj3EKiYTktKSNgQMTcOvUpi4=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMG10S3bjERH4MTEin3IGGdtq0HSOZ8BK6MurOx/EFfBsLzkLBs/p6z2lyz40UZ8b6/pdXWFvf2Nwqbpd2dvf2D8qHR20jU02hRSWXuhsRA5wl0LLMcugqDUREHDrR5Hrudx5AGyaTOztVEAoySljMKLFudF/tE6W0fKwOyhW/5i+EVyHIoYJyNQflz/5Q0lRAYiknxvQCX9kwI9oyymFW6qcGFKETMoKew4QIMGG2WHiGz2KpsR0DXrx/ZzMijJmKyGUEsWOz7M2H/3m91MaXYcYSlVpIqIs4L045thLPe+Mh00AtnzogVDO3JaZjogm17jolVz9YLrsK7XotcHxbrzSu8kMU0Qk6RecoQBeogW5QE7UQRQI9ozf07nHvyXvxXn+iBS//c4z+yPv4BjIXjaU=</latexit>

� = h2
0

l2 ⌧ 1 ✏ = ⌘
h0

small!
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1755

1872
1895

 History bites on the 
Water Waves Theory 

Euler Equations

Boussinesq-Equations

KdV-equation

1968
1993

1967

Whitham Equation

Explicit Introduction of the  
Dirichlet-Neumann operator 

in the Hamiltonian. 
Craig-Groves: Rigourous 

derivation of the  
Classical long-wave models  

Zakharov

C. Sulem

W. Craig

Hamiltonian Formulation

of the Water waves problem

Whitham-Boussinesq model

Finite Constant depth


[Aceves-Panayotaros,2014]

2016

Whitham-Boussinesq model

Variable-depth


[VargasMagaña-Panayotaros,2016]

2013
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● Same dispersion relation of  Surface Euler Equations  
● Existence of Traveling waves  
● Breaking phenomena 
● Existence of Solitary waves [Nilsoon-Wang, 2019], 
● Existence of Stokes waves [Vargas-PhD Thesis 2017]  
● Peaking phenomena (a logarithmically cusped of greatest height) [2019] 
● Better description of short-waves [Smyth-Marchant-VargasMagaña,2021] 
● Hamiltonian system (this is suitable to control long time numerics) [Aceves-
Panayotaros, 2014] [Vargas-Panayotaros, 2016 ] 
● Numerically tractable with numerical schemes that preserves 
mathematical structure [Sulem-Craig 1993], [Guyenne-Nicholls 2005] [Guyennne,
2017] [Vargas-Panayotaros,2016  ] 
● Extendable to 3D-waves [Andrade-Nachbin 2019] 
●Extendable to high order variable depth [Vargas-Panayotaros,2016] 
● Extendable to surface tension effects [Kalish-Pilod,2019] 
● Local well-posedness [Pei-Wang, 2019], [Klein-Linares-Pilod-Saut, 2018] 
●Validity for modelqinng waves on shallow water [Carter, 2018] 
●Numerical bifurcation and spectral stability [Claassen-Johnson,2019] R
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*Thik Line blueThe position 
of the trailing edge of the
undular bore



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

Sis
te

m
a B

:   
Bo

us
sin

es
q-

Ha
m

ilt
on

ian
 sy

ste
m

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 1400  1500  1600  1700  1800  1900

η

x

(b)System B

[Marchant -Smyth-Vargas-Magaña, Physics of Fluids, 2021] 



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

Sis
te

m
a C

:  F
ul

l-d
isp

er
sio

n 
sh

all
ow

 w
ate

r e
qu

ati
on

s 

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 1400  1500  1600  1700  1800  1900

η

x

(c)System C

 [Hur-Tao, 2018]
 [Hur-Padey, 2019]

 [Carter, 2018]

[Marchant -Smyth-Vargas-Magaña, Physics of Fluids, 2021] 



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

Sis
te

m
a D

:   
W

hi
th

am
-B

ou
ss

in
eq

 Sy
ste

m

 0

 0.02

 0.04

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 1400  1500  1600  1700  1800  1900

η

x

(d)System D

 [Aceves-Panayotaros, Wave Motion, 2014]

[Marchant -Smyth-Vargas-Magaña, Physics of Fluids, 2021] 



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

DS-fitting Method  
applied to  
Weakly-Nonlinear

 water  waves models.



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

✓
⌘
u

◆

t

=


u ⌘ + 1
1 u

�✓
⌘
u

◆

x
<latexit sha1_base64="I979xZs4vFB7oGXet+wcAQB1L48="></latexit><latexit sha1_base64="I979xZs4vFB7oGXet+wcAQB1L48="></latexit><latexit sha1_base64="I979xZs4vFB7oGXet+wcAQB1L48="></latexit><latexit sha1_base64="I979xZs4vFB7oGXet+wcAQB1L48="></latexit><latexit sha1_base64="3NlK7d1BVeFtnbMIrGahzkUX62c="></latexit>✓

⌘
u

◆

t

=


u+

p
⌘ + 1 0
0 u�

p
⌘ + 1

�✓
⌘
u

◆

x
<latexit sha1_base64="1TMBX94jd+fWPjSh6paVb4MhIo0="></latexit><latexit sha1_base64="1TMBX94jd+fWPjSh6paVb4MhIo0="></latexit><latexit sha1_base64="1TMBX94jd+fWPjSh6paVb4MhIo0="></latexit><latexit sha1_base64="1TMBX94jd+fWPjSh6paVb4MhIo0="></latexit><latexit sha1_base64="oLL2aP3Ncatr4PE1zQWBgL+m7iY="></latexit>

The hyperbolic system can be set in Riemann invariant form and this means that the 
corresponding Riemann invariants and characteristics velocities are: 

All Systems (A)–(D) have the same non-dispersive limit 

Diagonal form
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Sistema A:  Standard Boussinesq system

Sistema B:   Boussinesq del Hamiltoniano

Sistema C:  Full-dispersion shallow water equations 

Sistema D:   Whitham-Boussineq System
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The linear dispersion relation ω(k) is real-valued 
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Sistema A:  Standard Boussinesq system

Sistema B:   Boussinesq del Hamiltoniano

Sistema C:  Full-dispersion shallow water equations 

Sistema D:   Whitham-Boussineq System

35
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Velocities/ amplitudes of the Leading solitary 
wave

Leading soliton wave

Amplitude/velocity relation

System A

System B

System C Explicit ODE’s equations/ numerical solutions 
using the second-order Runge–Kutta method. ——

System D Explicit ODE’s equations/ numerical solutions 
using the second-order Runge–Kutta method. ——

 Main findings
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▶Boussinesq systems A and B and the Whitham–Boussinesq systems C and D 
were solved numerically using the pseudospectral method of Fornberg and Whitham as 
extended through the use of integrating factors to suppress high frequency instabilities. 

▶ These pseudospectral methods use the fast Fourier transform (FFT) to calculate the 
spatial derivatives, with the solution propagated forward in time using the second-order 
Runge–Kutta scheme and Strang splitting method.  

▶ n= 216 Fourier modes  

▶ Time step dt=0.005 

▶ The initial condition smoothed using hyperbolic tangents is W=1 
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Fully nonlinear  
water waves-undular bores 
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The water wave problem and the Evolution equations.

Remark
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D = �i@x

[G(0, 0)] : ⇠ 7�! D tanh(D)⇠

H = 1
2

R
R(⇠G(�, ⌘)⇠ + g⌘

2)dx

⇠(x) 7�! ⇠̂() 7�!  tanh(h0)⇠̂() 7�!
R
R  tanh(h0)⇠̂()eixd := [D tanh(h0D)]⇠

 Hamiltonian Formulation of the water waves problem

⌘t = G(�, ⌘)⇠

⇠t =
�1

2(1+⌘2
x)
(⇠2x � (G(�, ⌘)⇠)2 � 2⌘x⇠xG(�, ⌘)⇠)2 � 2⌘x⇠xG(�, ⌘)⇠)� g⌘

▸ In general there is not an explicit expression for it! 
▸ This case gives rise to an  explicit expression to de DN operator:

Where D is as usual the operator Where D is as usual the operator Where D is as usual the operator Where D is as usual the operator 

Where D is as usual the operator 

What is this object?



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

⇡
<latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="G+dNnEgUoXmHStjnZGfKrO6sQNA=">AAAB6nicbZDLTgIxFIbP4A3xhpedm0YwcUVm2OiS6MYlJnIxMCGd0oGGdtq0HSMhvISujLrzcXwB38YysFDwX309/9/k/CdSnBnr+99ebm19Y3Mrv13Y2d3bPygeHjWNTDWhDSK51O0IG8pZQhuWWU7bSlMsIk5b0ehm5rceqTZMJvd2rGgo8CBhMSPYutFDuYuV0vKp3CuW/IqfCa1CsIBS7QQy1XvFr25fklTQxBKOjekEvrLhBGvLCKfTQjc1VGEywgPacZhgQU04yRaeovNYamSHFGXv39kJFsaMReQyAtuhWfZmw/+8Tmrjq3DCEpVamhAXcV6ccmQlmvVGfaYpsXzsABPN3JaIDLHGxLrrFFz9YLnsKjSrlcDxXbVUu57fAfJwCmdwAQFcQg1uoQ4NICDgBd7hw+Pes/fqvc2jOW/x5xj+yPv8AaI7jfk=</latexit><latexit sha1_base64="kMCuj3EKiYTktKSNgQMTcOvUpi4=">AAAB6nicbZDNTgIxFIU7+If4h7p00wgmrsgMG10S3bjERH4MTEin3IGGdtq0HSOZ8BK6MurOx/EFfBsLzkLBs/p6z2lyz40UZ8b6/pdXWFvf2Nwqbpd2dvf2D8qHR20jU02hRSWXuhsRA5wl0LLMcugqDUREHDrR5Hrudx5AGyaTOztVEAoySljMKLFudF/tE6W0fKwOyhW/5i+EVyHIoYJyNQflz/5Q0lRAYiknxvQCX9kwI9oyymFW6qcGFKETMoKew4QIMGG2WHiGz2KpsR0DXrx/ZzMijJmKyGUEsWOz7M2H/3m91MaXYcYSlVpIqIs4L045thLPe+Mh00AtnzogVDO3JaZjogm17jolVz9YLrsK7XotcHxbrzSu8kMU0Qk6RecoQBeogW5QE7UQRQI9ozf07nHvyXvxXn+iBS//c4z+yPv4BjIXjaU=</latexit>

� = h2
0

l2 ⌧ 1 ✏ = ⌘
h0

small!

D = �i@xWith

and               Involve pseudo-differential operators

  Coifman  and Meyer (1985 ) 
Craig, Schanz and Sulem (1997) 

  Craig and Sulem (2005) 
  Craig, Guyenne, Nicholls, Sulem (2005) 

[G(�, ✏⌘)](⇠) =
1X

n=0

[Gn(�, ⌘)](⇠)✏
n

<latexit sha1_base64="6qoTgK50MzDQaDE1fS+I7OfssNk="></latexit><latexit sha1_base64="6qoTgK50MzDQaDE1fS+I7OfssNk="></latexit><latexit sha1_base64="6qoTgK50MzDQaDE1fS+I7OfssNk="></latexit><latexit sha1_base64="6qoTgK50MzDQaDE1fS+I7OfssNk="></latexit><latexit sha1_base64="cyOOq4npIHWo6zODIwT00Ox9Dko="></latexit>

G0(�, ⌘) = D tanh(h0D) +DL(�),

G1(�, ⌘) = D⌘D �G0⌘G0,

G2(�, ⌘) =
1

2
(G0D⌘2D �D2⌘2G0 � 2G0⌘G1),

L(�)

Series Expansion of D-N operator



New horizons in dispersive hydrodynamics ,  Isaac Newton Institute,  2021

▶ The system is solved using a split step method  where the linear andd nonlinear 
components are solved separately.

▶ The second order string splitting step method is then used for each time step.

The numerical solutions of the water wave equations were found using the 
Hamiltonian formulation and based on a pseudospectral method
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▶n= 215 Fourier modes 

▶ Time step dt=0.01 

▶ For the numerical solutions of the water wave equations, the domain lengths  
10 000 or 11 000 were used. 

▶ The initial condition smoothed using hyperbolic tangents is
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Technical findings

▶ Three terms in series, up to G2, provide sufficient accuracy for these 
initial conditions. 

▶  For n= 215 5 filtering the higher modes corresponding to 
wavenumbers lying in the band [n/8,n/2] was adequate to suppress 
numerical instability, particularly for higher initial jumps. 

▶ There was some change in the solution as the smoothing width W 
varied from 10 to 5. Furthermore, as W decreased from 5 to 2, there 
was no change in the leading edge of the bore and negligible change 
at the trailing edge which was below the graphical accuracy of the 
figures. 
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▶ The major effect of too much filtering was on the trailing edge of the bore as the 
waves there are of the highest frequency and lowest amplitude. It was found that 
too much filtering kills the linear wave edge of the bore

Figure shows that large smoothing width W=10 (red line) gives a greatly 
truncated trailing edge in comparison with the sharper initial conditions 

with W=2 (green dashed-line)and W=5/3 (blue-dotted line).
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Results 
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[Marchant -Smyth-Vargas-Magaña, Physics of Fluids, 2021] 

 Undular Bore evolution

 Thik Line blue 
The position  of 
 the trailing  
edge of the 
 undular bore
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▶  The main difference between the water wave bore and the 
Boussinesq and Whitham–Boussinesq bores is a phase 
difference, with the water wave bore behind these weakly 
nonlinear bores. 

▶ All four weakly nonlinear systems give a good prediction 
for the location of the trailing edge of the water wave bore.  
 
▶ The trailing edge group velocity for Systems A and B is 
slightly lower than that for Systems C and D, so that the trailing 
edge position for Systems A and B corresponds to lower 
amplitude waves of the water wave bore 

▶  It was found that the numerical bore solution of the 
water wave equations took an unrealistic amount of time to 
reach a steady state 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▶  The comparison starts at the jump height Δ = 0.1 as below this the all 
systems give identical results to graphical accuracy. 

▶ Figure shows that there is excellent agreement between solutions of 
the Whitham- Boussinesq systems and numerical solutions of the water 
wave equations for the velocity of the leading edge of the bore. The maximum 
difference for System A being 0.7% and for System B 0.4%. 
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▶  The comparison shows that the amplitude of the bore as given by the water wave equations 
lies between the amplitude as given by the Boussinesq and Whitham–Boussinesq 
systems, but is closer to the amplitude given by the Whitham–Boussinesq systems. 
 

▶
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 ▶ The amplitude as 
given by the 
Whitham–Boussinesq 
systems grows much 
more rapidly as the 
jump height Δ 
increases toward the 
onset of instability 
around.

▶ The agreement between the solutions of the Boussinesq systems and the solution of 
the water wave equations is not as good as for the leading edge velocity. But  this is typical 
for bore solutions of nonlinear dispersive wave equations.
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Modulation  
Instability The original motivation for the 

introduction of Whitham-type
equations was that the inclusion 
of the full linear dispersion relation
introduces short wave effects 
which are not present in 
equations on systems A and B
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Sistema C:  Full-dispersion shallow water equations 
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Summary

▶ We measured the macroscopic quantities of the the typical undular 
bores arising in four weakly nonlinear water wave models using the DS-
fitting method varying the initial condition jump from 0 to ~0.3 
 
▶ We integrate numerically the water wave undular bores using the 
Hamiltonian formulation of the water wave problem and we measured 
the macroscopic quantities for these bores the initial condition jump 
from 0 to ~0.3 
 
▶  We compared  the leading solitary  wave amplitudes and velocities 
of the four weakly nonlinear models and the free surface Euler 
equations. 

▶ We found numerically the onset of the Modulation instability for the 
Whitham-Boussinesq type system and for the water wave equations.  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Further Research 
Problems 
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DSW en  modelo W-B con tensión superficial

Joint work with N. Smyth1 and T. Marchant2
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Water wave problem on inclined walls

Joint work with P. Panayotaros


